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Abstract 

We prove the multisummabihty of the infinitesimal generator of unfoldings of 
finite codimension tangent to the identity 1-dimensional local complex analytic 
diffeomorphisms. We also prove the multisummabihty of Fatou coordinates and 
extensions of the Ecalle-Voronin invariants associated to these unfoldings. The 
quasi-analytic nature is related to the parameter variable. As an application we 
prove an isolated zeros theorem for the analytic conjugacy problem. 

The proof is based on good asymptotics of Fatou coordinates and the introduc- 
tion of a new auxiliary tool, the so called multi-transversal flows. They provide 
the estimates and the combinatorics of sectors typically associated to summability. 
The methods are based on the study of the infinitesimal stability properties of the 
unfoldings. 

1. Introduction 

We study unfoldings of non-linearizable resonant complex analytic diffeomor- 
phisms. The group of 1-dimensional unfoldings of elements of Diff (C,0) is 

Diffp(C2,0) = {v3(a;,?/) e Diff(C2,0) : xoip^x}. 

Most of the time we work in the set Diffpi(C^,0) composed by the elements f 
of Diffp(C^,0) such that f\x=Q is tangent to the identity (i.e. j^^p\x=o = Id) but 
'f\x=vi 7^ Id- The main goal of the paper is providing a rigorous formulation and 
then proving the following statement: 

Principle. The infinitesimal generator of an element ip o/ Diffpi(C^, 0) is multi- 
summable in the x-variable. 

A natural way of studying unfoldings ip S Diffpi(C^, 0) of tangent to the identity 
diffeomorphisms is comparing the dynamics of ip and exp(A) where A is a vector 
field whose time 1 fiow "approximates" ip. This point of view has been developed 
by Glutsyuk 0. In this way extensions of the Ecalle-Voronin invariants to some 
sectors in the parameter space are obtained. On the one hand they are uniquely 
defined. On the other hand the sectors have to avoid a finite set of directions, 
typically associated (but not exclusively) to small divisors phenomena. 
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A different point of view was introduced by Shishikura for codimension 1 un- 
foldings [H]. The idea is constructing appropriate fundamental domains bounded 
by two curves with common ends at singular points: one curve is the image of the 
other one. Pasting the boundary curves by the dynamics yields (by quasiconformal 
surgery) a Riemann surface that is conformally equivalent to the Riemann sphere. 
The logarithm of an appropriate affine complex coordinate on the sphere induces 
a Fatou coordinate for <p. These ideas were generalized to higher codimension un- 
foldings by Oudkerk [T^]. In this approach the first curve is a phase curve of an 
appropriate vector field transversal to the real fiow oi X. In both cases the Fa- 
tou coordinates provide Lavaurs vector fields X"-^ such that (p — exp{X'^) [7]. The 
Shishikura's approach was used by Mardesic, Roussarie and Rousseau to provide a 
complete system of invariants for unfoldings of codimension 1 tangent to the iden- 
tity diffeomorphisms j9, . The analytic classification for the finite codimension case 
was completed in |16) by using the Oudkerk's point of view. On the one hand the 
constructions are applied to sectors whose union is a neighborhood of the origin 
in the x-variable. On the other hand the extensions of Fatou coordinates, Lavaurs 
vector fields and Ecalle-Voronin invariants depend on the choices in the construc- 
tion. One of the goals of this paper is explaining how all these objects are intrinsic 
and can be interpreted as different sectorial sums of a quasi-analytic formal object. 

1.1. Construction of multi-transversal flows. In order to study the properties 
of the infinitesimal generator of G Difi'pi(C^,0) we construct transversal flows 
defined in sectorial domains in the variable x. They are of the form 5R(H*X) where 
H* : ([0,5)e^["«'"il X B{0,e)) \ Sing{X) ^ \ {-1, 1} is a continuous function; let 
us explain how. 

The main ideas of the construction can be found in [16 . We use the dynamical 
splitting, we express a neighborhood of the origin in as a union of basic sets that 
are associated to iy9 by a desingularization process of the fixed points set Fix{ip) 
of (fi. There are two types of basic sets, namely exterior and compact-like basic 
sets. The exterior sets are dynamically simple and the restriction of 5ft(/iX) to an 
exterior set is either a parametrized Fatou flower or truncated Fatou flower for any 
fj. £ Ei^ (see figure dS])). Thus the dynamics of 3?(/zX) in a neighborhood of the 
origin is determined by the dynamics of 5ft(/iX) in the compact-like sets Ci, . . ., Cq. 
We can associate an exponent ej G N and a polynomial vector field Pj{w)d/dw 
such that the dynamics of Re{fiX) in Cj is orbitally equivalent to the dynamics of 
^R{\x\'^^ X^^ ^Pj{w)d /dw) ioT 1 < j < q where x = \x\X (see figure ([2])). We define 

= {{X,H) e §1 X §1 : ^iX"^ nPj{w)d/dw) is not stable} 

The definition of stability is borrowed from Douady, Estrada and Sentenac [4] (see 
|16)). The real flow of a vector fleld P{w)d / dw e C[w] is stable if Re{fiP{w)d / dw) 
is orbitally conjugated to Re{P{w)d / dw) for any ^ e §^ in a neighborhood of 
1. It turns out that R{^P{w)d/dw) is stable except for finitely many directions 
IJ, G S^. Then R{^X) is stable in a neighborhood of the direction AK"*" in the x- 
space if (A, fx) ^ U^', in other words there exists a sector S = (0, (5)Ae'[~"'"l for some 
S,u £ M+ such that 3f?(/LtX)|a;^^„ is orbitally conjugated to R{iJ,X)^x=xi in Cj for 
any (xq, xi) d S x S . The stability of transversal flows is an important part of our 
approach since it guarantees that the objects constructed (Fatou coordinates,...) 
depend holomorphically on both variables. 
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Given a continuous function : e*!""'"!! — > §i\{— 1, 1} such that (A, Hj (A)) ^ 
for any A S e'l""'"^! it is natural to consider 5R(H*X) such that 

^{^* X)\Cjn{x=\xo\Xo} = ^it^3i^o)X)\Cjn{x=\xo\\o} 

for <\x()\ <S and Ao E e'[""^"il. In this way we define 3fi(H*X)|c^ for 1 < j < <?. 
Such a vector field would be stable in every compact-like set. Since compact-like 
sets collapse when approaching x = (we have Cj n {x = 0} = {(0,0)}) we are 
requiring conditions of infinitesimal stability for 3?(H*X). The exterior sets are 
dynamically simple, we can use them to interpolate the transversal flows defined in 
different compact-like sets. We obtain in this way a multi-transversal flow. Roughly 
speaking it is a stable flow transversal to 5ft(X) that is of the form ^{iJ,j{x/\x\)X) 
by restriction to any compact-like set Cj. Let us remind that in TB^ the functions 
H* are constant and that it is not difficult to generalize the constructions there for 
functions H* = H*(x/|x|). 

Our objects (Fatou coordinates,...) are defined in regions. A region is a connected 
component of the subset T of ([0, (5)e'["«'"il x B{0,e)) \ Sing{X) obtained as the 
union of the trajectories of 5ft(H*X) whose a and uj limits are both singular points. 
The multi-transversal flows have two important properties: 

• The infinitesimal stability properties allow us to use the same ideas in [16] 
to find Fatou coordinates ip"^ of ip defined in regions H of 3fi(H*X) such 
that -0^ — ip-^ is continuous in H and holomorphic in H where ip'^ is a 
Fatou coordinate of X . In particular the function -0^ — V'^ is bounded. 

• The dynamics of multi-transversal flows and the transitions of the dynamics 
between different multi-transversal flows can be described in a combinato- 
rial way. 

Let us explain succinctly how to use the previous properties to deduce multi- 
summability of Fatou coordinates, Lavaurs vector flelds and Ecalle-Voronin invari- 
ants. Consider a petal Lj of ^\x=o- There exists a unique region Hj of 3?(H*X) 
containing Lj n T. Consider the region Hj obtained in an analogous way for a 
muhi-transversal flow 3?(H*X) deflned in [0, (5)e^["0'"il x -B(0,e). The first property 
implies roughly speaking that ■0^ . — ■0^ is bounded in Hj n Hj . Clearly ip"^ . — 
is constant in orbits of ip. As a consequence the function 

is well-defined and bounded in a domain of the form 

{ix,z) e [0,(5)((e^["°'"i])n (e^t"°'"il)) x C : < |z| < e^}. 

The exponent e is deduced from the combinatorial study of multi-transversal flows. 
Hence we obtain that up to an additive function of x the function ip'^ — ip"^ is 

a 0(e^/l^l ) by using Cauchy's integral formula. The combinatorics provides the 
exponentially small estimates and the right sectors to obtain multi-summability. 
Multi-summability of Lavaurs vector flelds and Ecalle-Voronin invariants is deduced 
from the analogous property for Fatou coordinates. 

Since a multi-summable power series in a direction is a sum of summable ones, the 
multi-summability levels of of Fatou coordinates have to appear in an independent 
way. The multi-summability is related to the nature of ip in compact-like sets, 
indeed the multi-summability levels are contained in the set {ei, . . . , Cj}. Imposing 
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all the functions (3?(H*X)|c^ = 3ff(/XjX)|c^) to be equal would result in too small 
sectors too obtain a multi-summable object. 

Let us remark that the summability of Ecalle-Voronin invariants for generic 
families unfolding a codimension 1 parabolic or resonant difFeomorphism is proved 
in [17] and [2]. The methods are different. In particular it is used the so called 
compatibility condition that establishes whether different invariants correspond to 
the same difFeomorphism via a translation to Glutsyuk invariants. We do not 
need such a condition, the good estimates on the asymptotic of Fatou coordinates 
suffice to prove the multi-summability for Ecalle-Voronin invariants in all finite 
codimension unfoldings. We also prove the multi-summability of Fatou coordinates 
and Lavaurs vector fields. This last object is specially interesting to us since one of 
the goals of this paper is interpreting the sectorial Lavaurs vector fields as sums of 
the formal infinitesimal generator. 

1.2. Intrinsic nature of sectorial objects. As we said earlier we could make 
other choices of flows transversal to^{X). Consider a case such that the fixed points 
set Fix{tp) of (y3 is a union of curves of the form y = jj{x) for j G {1, . . . ,p} and 
{djj /dx){0) 7^ {djk/dx){0) for j ^ k. This is one of the cases providing summable 
formal objects. Then we only consider multi- transversal flows that are deformed 
versions of the imaginary flow ^{iX). More precisely our multi-transversal flows 
3?(H*X) are defined in sectors of the form [0, (5)e'["°'"il x -6(0, e) and there exists 
A € gK'>^a,ui} gyj,]^ ^j^g^^ (^*)|[o,(5)AxB(o,c) = *• The situation is slightly different in the 
multi-summable case where the richer combinatorics makes us consider other kind 
of multi-transversal fiows. Anyway, the imaginary flow is again the basic ingredient 
that is present in all multi-transversal flows. For instance, the directions of non- 
summability (Stokes directions) are contained in {A G §^ : (A,i) € U'^^^W^}, i.e. 
the sets of directions that are unstable for the restriction of the imaginary flow 
to some of the compact-like basic sets. In short, on the one hand all the multi- 
transversal flows are related to the imaginary flow ^{iX). On the other hand 
we need to consider more general vector fields since in this way the sums of the 
multi-summable objects can be realized in wide enough sectors. 

1.3. Infinitesimal generator. The use of normal forms exp(A') to study unfold- 
ings (f G Diffpi(C^,0) is classical (see Martinet's paper [H]). Vector fields are 
used to model the diffeomorphisms even if it is clear that generic unfoldings do 
not behave as nicely as flows. This paper is one step forward in the direction of 
justifying such an approach. The diffeomorphism ip is embedded in the "formal 
flow" of its infinitesimal generator. We show that such an object is of geometric 
nature and that its sectorial sums provide analytic vector fields whose time 1 fiow 
coincides with (p. The complexity of the diffeomorphism can be interpreted in a 
cohomological way since the Lavaurs vector fields do not coincide when their do- 
mains of definition overlap. Our results allow to obtain Lavaurs vector fields from 
the infinitesimal generator and vice versa. 

Let us explain in what sense the infinitesimal generator of ip is multi-summable 
in the variable x. Consider a petal Lj of (fi\x=o and the region Hj of 3fi(H*A') as 
defined above. There exists a unique analytic vector field (the Lavaurs vector field) 
X"^, = gH.{x,y)d/dy defined in Hj such that X'fj,{ip'^,) = 1. By fixing Lj but 
varying 3?(H*X) we obtain a family of functions {gfj,{x, y)} that is multi-summable 
in the variable x. The common asymptotic development of the family {Xf^,} is of 
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the form 

where (/J^, is defined in Lj for any fc e N U {0}. Now we fix fc > 0. The family 
{gjj,} is parametrized by the set of petals of (f^^^Q. Moreover the functions in the 
family {^J^.} are sums of a summable power series where 2v is the number of 
petals of ^p\x=o- As a result of this two step process we recover 

Coo 
fe=0 

the infinitesimal generator of (f. 

Let us remark that the estimates in this paper for Fatou coordinates are the 
generalizations of those in |16) . Thus, they provide 

• Asymptotic developments of the Lavaurs vector fields until the first 
non-zero term in the neighborhood of the fixed points [16] . 

• Gevrey asymptotics in the neighborhood of the bifurcation set a; = 0. 

1.4. Isolated zeros theorem for analytic conjugacy. Given e DifFpi (C^, 0), 
let us relate the class of analytic conjugacy of if with the classes of analytic conju- 
gacy of the 1-dimensional germs in the family {(f\x=xn} foi' some sequence x„ — >■ 0. 
This is an application of the multi-summability of the Ecalle-Voronin invariants. 

Let 77 e Diffpi(C^, 0). We denote 77 if there exists a € Difr(C^,0) 

conjugating ip and 77 such that cr^pi^^ip) = Id. 

Theorem 1.1. Letip,r] G Diffpi(C^,0) with Fix {(p) — Fix(ri). Suppose there exist 
s € and a sequence a;„ — ?> contained in -8(0, 5)\{0} such that for any ti G N the 
restrictions (p\x=x„ o,nd r]\x=x„ o-f^ conjugated by an infective holomorphic mapping 
Kn defined in B{0, s) and fixing the points in Fix{ip) r\ {x = Xn}- Then we obtain 

The previous theorem is the corollary [7jT] of subsection 17.31 Indeed we prove the 
more general theorem 17.31 that analyzes what is the minimum domain of definition 
-6(0, Sn) of the mappings k„ such that the theorem is still true. The theorem can be 
extended to codimension finite resonant diffeomorphisms (remark 17. ip . Theorem 
11.11 is a generalization of the main theorem of |16| where the k, mappings where 
required to exist for any parameter a; in a pointed neighborhood of 0. 

The theorem can be interpreted as an isolated zeros theorem, i.e. if the set of 
parameters xq such that (p\x=xo ri\x=xo ^-re conjugated by a mapping defined 
in i?(0, s) acumulates the origin then it contains a neighborhood of the origin. 
This analytic type property is a consequence of the quasi-analytic nature of Ecalle- 
Voronin invariants. The possibility of having flat Ecalle-Voronin invariants when 
a; — would be an obstruction to the extension of conjugations even if defined in 
open sets of parameters. 

1.5. Remarks. The codimension cxi case can be studied with the techniques in this 
paper. Indeed all the transforms of ip in the desingularization process of Fix(ip) are 
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codimension oo unfoldings. We still obtain exponentially small estimates when com- 
paring different Fatou coordinates, Lavaurs vector fields or Ecalle-Voronin invari- 
ants. These objects are not multi-summable since in general they are not bounded 
in the neighborhood of a: = 0. 

Given un unfolding ip{x,y) = {x,f{x,y)) of a resonant difeomorphism e 
DifF(C,0) (i.e. {d4>/dy){0) is a root of the unit of order p) it admits a Jordan 
decomposition 

In fact ips , ipu are formal diffeomorphisms such that ips is semisimple (or equivalently 
formally linearizable) and ipu is unipotent (j^tpu is unipotent). Since j^(p is p 
periodic then ips is also p periodic. Thus we obtain ip^ = ipP = exp(p log We 
deduce that log (pu is multi-summable since (p^ G Diffpi(C^, 0). The semisimple 
part ips is the unique formal diffeomorphism such that = Id, it commutes with 
(Pu and {d{yoipg)/dy){0, 0) — {d{yo(p) / dy){Q, 0). Therefore p)s is totally determined 
by Pu (prop. 5.4 in [HI). It is possible to use the multi-summability of log(y5„ to 
deduce the multi-summability of ps- 

2. Notations and definitions 

Let Diff (C",0) be the group of complex analytic germs of diffeomorphisms at 
e C". Denote Fix{p) the set of fixed points of an element p of DifF (C", 0). 

Definition 2.1. Let p> : U V be a holomorphic mapping where U and V are 
open sets of C" . We say that a holomorphic ijj : U C is a Fatou coordinate of p 
if^op = ijj + l inU n p~''-{U). 

We say that p e DifF(C^,0) is a parametrized diffeomorphism if p{x,y) is of 
the form {x, f{x,y)). Equivalently (p is an unfolding of p\x=o G Diff(C,0). We 
denote Diff j,(C^, 0) the group of parametrized diffeomorphisms. Let DifFi(C, 0) be 
the subgroup of DifF (C, 0) of germs whose linear part is the identity. 

Definition 2.2. We define the set 

Diffpi(C2, 0) ^{pe Diff p(C2, 0) : pi^=o e DifFi(C, 0) \ {Id}}. 

Then Diffpi(C^,0) is the set of one dimensional unfoldings of one dimensional 
tangent to the identity germs of diffeomorphisms (excluding the identity). We con- 
sider BiStpi{C'^,0) the subset o/Diff pl(C^ 0) such that ip € Difftpl(C^O) if all the 
irreducible components of Fix{p) are of the form y — g{x). 

We define a formal vector field X as a derivation of the maximal ideal of the 
ring C[[xi, . . . , x„]]. We also express X in the more conventional form 

X = X{xi)d/dxi + ...+ X{xn)d/dx„. 

We denote X{C"-,0) the set of formal vector fields. We denote A'(C",0) the Lie 
algebra of germs of analytic vector fields in a neighborhood of G C". A formal 
vector field X belongs to A'(C", 0) if and only if X(C{xi, . . . , C C{a;i, . . . , 

Definition 2.3. Let X be a holomorphic vector field defined in an open set U of 
C". We say that a holomorphic -tp : U ^ C is a Fatou coordinate of X if Xl-ijj) = 1. 
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Definition 2.4. We denote Xtpi (C^ ,0) the subset of X (C'^ ,0) of vector fields of 
the form 

X = v{x, y){y - 71 (a^))^^ . • . (y - ^p{x)y^dldy 
where v,^i, . . . e C{x,y}, v{0) ^0 = 71 (0) = . . . = 7p(0) and si + . . . + Sp > 2. 
We denote Xtpi('C^,0) the set of formal vector fields that are of the previous form 
but allowing v S 'C[[x, y\]. 

Given a vector field X defined in a domain ?7 C C" we denote 5ft(X) the real 
flow of X, namely the two dimensional vector field on M^" = C" defined by X. 

Suppose that X G A'(C", 0) is singular at 0. We denote exp(iX) the flow of the 
vector field X, it is the unique solution of the differential equation 

^exp(iX) = X(exp(tX)) 

with initial condition exp(OX) — Id. We define the exponential exp(X) of X as 
exp(lX). We can define the exponential operator for a nilpotent X E X(C",0) and 
in particular for X S Xtpi (C^ , 0) as 

exp(X) ; C[[ 

Moreover the definition coincides with the previous one if X is convergent, i.e. 
(exp(X))((7) — goexp{X) for any g g C[[x, y]]. By the properties of the exponential 
mapping given a unipotent (p E DifF(C",0) (i.e. j^(p is unipotent) there exists a 
unique formal nilpotent vector field log 1^9 E <^'(C", 0) such that ip = exp(logiy9) (see 
[5] and |10j). We say that \ogip is the infinitesimal generator of (f. 

Definition 2.5. Let X be a holomorphic vector field defined in a connected domain 
U d C such that X ^ 0. Consider P E SingX . There exists a unique meromorphic 
differential form u) in U such that uj{X) — 1. We denote Res{X, P) the residue of 
Lo at the point P. 

Definition 2.6. Let Y = f{x,y)d/dy E Xtpi(C^,0). Given {x°,y°) E SingY we 
define Res{Y, ix°,y°)) = Res{f {x^,y)d/dy,y°). 

3. Dynamical splitting 

We introduce a dynamical splitting F associated to an element of Xtpi , 0) 
along with some notation. Most of the concepts were already introduced in J6] . 

Let X E Xtpi{C'^,0). We say that Tq = {{x, y) E B{0, 6) x B{0,e)} is a seed. We 
provide a method to divide the set Tq. At each step of the process we have a vector 
13 = (0,/3i,...,/3fc) E {OjxC'^ withfc > OandaseedT^j = {{x,t) E B{0,S)xB{0,t])} 
in coordinates {x,t) canonically associated to T/3. We either decide not to split Tp 
or we divide it in sets Mp = C/jUU^gs^J/s.c where Sp is a finite subset of C. The 
seeds T^,^ for (/9,C) € {0} x C'^"'"^ with ( E Sp are divided in ulterior steps of the 
process. The sets Tp, Mp, £p and Cp are defined by induction on k. Every set Mp 
is called a magnifying glass set. The sets £p are called exterior basic sets whereas 
the sets Cp are called compact-like basic sets. At the first step of the process we 
consider P = 0, k = and the coordinates {x, y) in Tq. 

Suppose also that 

(1) X ^x'''^^f<'^v{x,t){t~-ii{x)y^ ...{t~-ip{x)y^dldt 
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in Tfj where 71(0) = ... = 7^(0) = and {w = 0} n T/j = 0. Wc denote 

d^Ep = {{x,t) e B(0,5) X dB{Q,ri)} and z^(f;3) = si + . . . + .Sp - 1. 

For p = I we define the terminal exterior set £p — Tp, we do not split the terminal 
seed Tg. We say that d^Sp is the exterior boundary of £p and e(£^) is the exterior 
exponent of Ep. We define i(f^) = e{£p) the interior exponent of f/j. Suppose 
p > 1. We define t = xw and the sets = Tpn{\t\ > \x\p}, £p = Tf}r]{\t\ > \x\2p} 
and Mp = {(x, e 5(0,(5) x B{0,p)} for some p >> 0. 

Definition 3.1. Given an exterior set £p we define as the vector field defined 
in Tp such that X = x''^^'''>X£^ . 

We define 

di£p = {{x, t) e B{0, S) X ;B(0, 77) : \t\ = \x\p} 

of £p. The sets de£p and di£p are the exterior and interior boundaries of f/j 
respectively. We say that the coordinates {x, t) are adapted to Tp and We have 

X = x^^^^^+'^+'-'+'^-^vix, xw){w - ii{x)/xy' . . . (w - 'yp{x)/xy'-d/dw. 

We denote Sp = {{3-^/ dx){Q), {d-/p/dx){0)}. We define 

Cp = {(a:, w) e i?(0, 5) X (B{0, p) \ Uces,B{C, vpx))} 

where rjp^ > is small enough for any Cz Sp. We denote 

deCp = {{x,w) G B{0,S)xdB{0,p)}, diCp = {ix,w) e B{0,S)xUces,dB{C,Vf!x)}- 
We define 

v{Cp) = 1^(^/3) and L{£p) = e{Cp) = iiCp) = e{£p) + v{£p). 

We say that e{£p) and L{£p) are the exterior and interior exponents of f/j respec- 
tively whereas e(C^) and t(C^) are the exterior and interior exponents oiCp. 

Definition 3.2. Given a compact-like set Cp we define Xq^^ as the vector field 
defined in Mp such that X — x'^'^^^'^ Xq^. 

Definition 3.3. We define the polynomial vector field 

Xp{X) = A*=('^'')w(0, 0)(w - {d-ii/dx){fd)y' ...{w- {d-ip/dx){Q)y'd/dw 

for A G §^ (see the equation (QP, note that t = xw) associated to X , Tp and Cp. 

Fix C e Sp. We define the seed Tp^ = {ix,t') e B{0,S) x B{0,r]px)} where 
t' is the coordinate w — By definition {x,t') is the set of adapted coordinates 
associated to Tp^. We say that the seed Tp^ is a son of the seed Tp. We have 

(a7,/a:r)(o)=c 

where e{£p.c) — ^iCp). We just introduced a method to divide < e hi a union of 
exterior and compact-like sets. 

Example: Consider X = ?;(?; — — Denote w — y / x . The vector field 

X has the form x'^w{w~x){w~l)d / dw in coordinates (x, w). The polynomial vector 
field Xo(A) associated to the seed To = -8(0, <5)xi3(0, e) is equal to X'^w'^ (w—l)d / dw. 

The exterior and compact-like sets associated to To are £0 = To Pi > po|a;|} 
and Co = {|y| < po|a;|} \ {{\w\ < r]oo} U — 1| < ?/oi}) respectively. The sons of 
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Figure 1. Splitting for X = y{y — x'^){y — x)d/dy in a line x — xq 

Tq are the seeds Too = {l""^! < 7700} and £01 — Tqi — {\w — 1| < ?7oi}- The seed Tqi 
is terminal since it only contains one irreducible component of SingX . 

Denote w' = w/x. We have X = x^'w'{w' — l){x'w' — l)d/dw' in coordinates 
{x,w'). Thus —\^w'{w' — 1)8/ dw' is the polynomial vector field Xoo(A) associated 
to Too- The seed Too contains an exterior set £00 = 7oon{|w| > poo|a^|} for poo >> 1, 
a compact-like set Coo = {\w'\ < poo} \ {{\w'\ < 77000} U {\w' — 1| < ?7ooi}) and two 
terminal seeds £000 = Tooo = {\w'\ < 77000} and £001 = Tooi = {\u/ - 1| < 7^001} for 
some < 7^000,77001 << 1. We have e{£o) = 0, l{£o) = e{Co) = e{£oo) = e{£oi) = 2 
and l{£oo) = e(Coo) = e(£ooo) ^ e{£ooi) = 3. 

Remark 3.1. The dynamical splitting F depends on the choice of the constants 
determining the size of the basic sets. Anyway given two dynamical splittings F i 
and F2 there are bijective correspondences £jj £| and Cjj O C| between exterior 
and compact-like sets. 

Definition 3.4. Given two dynamical splittings F and F' we say that F is a 
refinement of F' if we have £p C £'^ for any exterior set £fj of F and Cp D C'^ for 
any compact-like set C 13 of F . 

Definition 3.5. Given two dynamical splittings Fi and F2 we can consider a 
refinement FiU F2 of both of them. More precisely if £^ and £p are exterior sets 
associated to Fi and F 2 respectively then 5^ = 5^ n f| is associated to F 1 U F2- 
Analogously suppose that and are compact-like sets associated to F 1 and F2 
respectively. Then Cp = CjjU is associated to Fi U F2- 

4. Multi-transversal flows 

Let X € A'tpi(C^,0). This section is intended to define multi-transversal flows 
and describe their main properties. Roughly speaking a multi-transversal flow is of 
the form 3f?(HBX) by restriction to any basic set B of the dynamical splitting. The 
function He(rA,?/) is continuous, takes values in §^ \ {1, —1} and depends only on 
A € The choice of Hg is related to make the dynamics of stable with 

respect to the direction AR"*" in the parameter space. 
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The dynamical behavior of a transversal flow 3?(/i^)|£n({x}xB(o.c)) does not de- 
pend on a; € B{0,6) \ {0} or /i e §^ \ {f, — f} for any exterior basic set £. Indeed 
it basically depends on ^{S). Therefore in order to study the stability properties 
of transversal or multi-transversal flows we can focus on compact-like sets where 
we can use the associated polynomial vector fields defined in subsection [3l The 
notion of stability for polynomial vector fields, namely the absence of homoclinic 
trajectories, was introduced in j^. We can define an analogous concept for any 
compact-like set. Since the intersection of a compact-like set and the line x — 
contains only the origin our concept of stability is of infinitesimal type. It imposes 
a set of restrictions in compact-like sets. Another way of making sense of the in- 
finitesimal label in stability is by noticing that there are as many compact-like sets 
as steps in a minimal desingularizion of the singular set of X via blow-ups. 

The subsection 14.11 is devoted to introduce some of the concepts and definitions 
that are required to define infinitesimal stability for a multi-transversal flow. The 
definition of is explained in subsections 14.21 and 14.41 The construction of the 
multi-transversal flows is introduce in subsection 14.41 The subsection 14.31 reviews 
the properties of transversal flows that are described in [1^ and whose analogues 
for multi-transversal flows are studied in subsections 14.51 and 14.61 Subsections 14.71 
and 14.81 deal with some quantitative properties of the constructions that will be 
used later on. 

4.1. Polynomial vector fields. A vector field X e A'tpi(C^, 0) is of the form 
X = uix, y){y - g,{x)r • • ■ (y " 5p(^))"^^ 

where u G C{a;,?/} is a unit. Given a non-degenerate element h(x,y)d/dy of 
A'pi(C2,0) there exists € N such that h{x'',y)d/dy belongs to Xtpii'C'^ ,0)- 

Definition 4.1. Let Y = P{w)d/dw be a polynomial vector field. We define 
iy(Y) = deg(P) - 1. 

Definition 4.2. Let Y = P{w)d/dw E C[w]d/dw with i^iY) > 1. We define 
Tr^ooiY) as the set of trajectories 7 : (c, d) — > C of 5R(y) with c G M U {—00} and 
d G M such thatlhn(^^d^{0 = 00. Analogously we define Tr^i-ooiY) — Tr^oai—Y). 

Definition 4.3. We say that 3?(y) has 00 -connections or homoclinic trajectories 
if Tr^ryo{y) n Tr^rxi{Y) 7^ 0. Then there exists a trajectory 7 : (c_,c+) — > C 0/ 
3?(y) such that C-,c+ G M and lim^_i.c_ 7(C) = 00 = lim^_>c+ 7(C)- This notion 
has been introduced in ^ for the study of deformations of elements o/Diffi(C,0) 
(see also [TB] ). 

Remark 4.1. Let Y = P{w)d/dw be a polynomial vector field with deg(P) > 2. 
We define the set S CZ defined by ^ G S if ^{fj,Y) and ^{^'Y) are orbitally 
equivalent for any /i' G m a neighborhood of ^. The set S is the set of directions 
fi in which the dynamics of ^{fiX) is stable with respect to /i. It turns out that S 
coincides with the set {/i G §^ : ^(pX) has no homoclinic trajectories} (4j. 

Definition 4.4. We denote Xoo(C,0) the set of polynomial vector fields in X(C,0) 
such that h'{Y) > 1 and 27ri X^pgs Rss{Y, P) ^ M \ {0} for any subset S of SingY . 

Remark 4.2. Let Y G Xca(C,0). The vector field ^(Y) has no homoclinic trajec- 
tories. Thus Re{l ■ Y) is stable at 1 (see [4] or [16j j. 
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Definition 4.5. Let X E Xtpi(C'^ ,0). Consider the compact-like sets Ci, 

Cq associated to X. Let Xj{X) — ^'^^'^^^ Pj{w)-^^ be the polynomial vector field 

associated to Cj and X for 1 < j < q. We define 

The vector field fj,Xj{X) has no homoclinic trajectories for {X, fJ.) El (^^^ ^^■^o 

[l6] )■ We define — {X E : {X,i) e U^} for 1 < j < q. We enumerate 
ei < 62 < . . . < Eg the elements ofU^^^^^ ^j. -^0}{e(Cj)}. By convention we 
denote Cq = and Cq+i — oo. We define 

= U{jg{i,...,,}: e{C,) = ~ek}l^x and = U{jg{i,. ..,,}: e(C,)=ek}'^x 

forl<k<q. We define Ux = Uj^^W^ ^i=ii^x- 

The notations in the previous definition are fixed from now on. 

Definition 4.6. We say that is the set of singular directions of level e^. Clearly 
the set 'Ex is finite for any 1 < k < q. 

Later on we wiU see that given ip e Diffpi(C^,0) we can associate a vector field 
X e ^"(^1(0^,0), namely a normal form. We will see that {ei, . . . , e^} is the set 
of levels of multi-summability of the infinitesimal generator of ip. Moreover we 
will prove that the set of singular directions of level Cfe is contained in for any 
l<k<q. 

4.2. Stable multi-directions. Let X £ Xtpi{C^ ,0). As a generalization of transver- 
sal flows of the form ^{^X) for ^ e S^\{1, — 1} we are going to construct transversal 
flows of the form 3?(H*X) where H* : {B{0, S) x 5(0, e)) \ SingX ->■ e*(°''^) is a C°° 
function. We need them to capture the multiple summability levels associated to 
Fatou coordinates of elements of Diffpi(C^, 0). 

Consider the notations at the beginning of the section. 

Definition 4.7. We say that a multi- direction (/2i, . . . ,/2g) G (e''^'^''^))' is stable at 
a direction AM"*" in the parameter space x if (A,/Xfe) ^ Ux for any 1 < k < q. We 
say that a multi- direction (/ii, . . . , /i^) € (e*'^^''^^)'^ is stable at a direction AM+ if 

(A, fij) ^ U'x fo"^ "-"^y 1 < i < 9- 

A stable multi- direction (/2i, . . . , fiq) induces a stable multi- direction (/xi, . . . , ^q). 
We define = fik if e(Cj) = and = i if e{Cj) ^ {ei, . . . , Cq}. 

Definition 4.8. Let X e Xtpi(C^,0). Let I a closed arc e*["0'"il o/§i. We say 
that a function H : / -> (e*(0''^))'? is a stable multi- direction at I if 

for some continuous decreasing functions 61, ...^6q : [uo,ui] — > (0, tt) and H(A) is 
stable at AM+ for any X € e*["«^"il. 

Definition 4.9. Consider A G §^ and u G R+ U {0}. We define 

I J (A, v) = Xe 
for 1 < j < q and Lq{X,v) = S^. 
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Definition 4.10. We define M C (S^)^ as the set whose elements (Ai,...,Ag) 
satisfy Ai ^ S^, . . Ag ^ and /,+i(Aj+i, 0) C /j(Aj,0) /or an?/ 1 < j < g. 

In the language of suminability (ei, . . . , iq) and (Ai, . . . , Xq) are admissible pa- 
rameter vectors. 

Let A — (Ai,...,Aq) e M. Since Aj = e*^^ ^ Sj^, given w > small enough 
there exists a continuous function flj : Ij{Xj,v) — e*^'^''^^ such that fij{Xj) — i and 

{\,fi,m^U'x VAe/,(A„rO- 
Moreover, if we choose a lift 9j : 9j + [— 7r/(2ej) — w, 7r/(2ej) + u] — > (0,7r) of jlj, 
i.e. e*^^'^) = p,j{e^^) we choose /ij such that is a decreasing (maybe non-strictly 
decreasing) function. By considering a smaller i; > 0, if necessary, we obtain 

(A', ^ VI < j < g VA e /j(Aj, 0) VA' e Ae*[-"'^1 V/i e flj{Xe'^-'"'''^). 

By taking a smaller u > 0, we obtain that for any 1 < j < q there exist compact 
sets I^'^ , . . . , P''*^ C and complex numbers fij^i, . . . , /ij.s^ G g*['r/4,3ir/4] g^j,]-^ ^j-^^^^^ 

• P'^U ...UP-'-' =§1. 

• (A', ^ijj) i for aU A' e p.'e*[-^'''l and Z e {1, . . . , Sj). 

Consider I < j <q and A G We choose I <l < Sj such that A G I-'''. We define 
fi*j{X) = /ij,;. Denote ua = v. 

Definition 4.11. Let K — {Xi, . . . ,Xq) <E M. Consider X <E Ik{Xk,v a) if k =/= or 

A G if k = 0. The formula 

H;c.a,a(A') - (Ai(A'), . . . , /ifc(A'), A^+i(A), . . . , A;-(A)) 

(ie/ines a siaWe multi- direction ^k,A.\ ■ Ae^I-^'^-^^l ^ (e*("''^))9 at Ae^I-'"*'^^! . W^e 
denote ^ i/ie projection in the j coordinate of the image of H^ a.a- 

Remark 4.3. Every multi- direction m ^ x . . . x H| ^ is stable at A'M+ for 
any A' G Ae*!"^'^'''*! . Therefore Aij^j(A') fte/on^s to A'oofC,Oj for all G H^^^^^^ 
and X' G Ae^I-'^A^^'Al. 

4.3. Dynamics of transversal flows in basic sets. Let us remind the reader 
some properties of transversal flows before defining multi-transversal flows. We will 
adapt these properties to the multi-transversal setting. Further details and proofs 
can be found in [16]. 

Let us introduce some notations. 

Definition 4.12. We consider coordinates (x, y) G C x C or (r, A, y) G M>o x S-'^ x C 
in C^. Given a set C we denote F(xo) the set F (1 {x = xq} and by F{rQ, Xq) 
the set F n {(r. A) = (ro, Ao)}. 

Definition 4.13. Let 7p(s) be the trajectory of ^{Z) such that 7p(0) = P. We 
define T{Z, P, F) the maximal interval where 7p(s) is well-defined and belongs to 
F for any s G T{Z, P, F) whereas 7p(s) belongs to F° for any s ^ in the interior 
ofI{Z, P, F). We denote V[Z, P, F) ^ 7p(X(Z, P, F)). We define 

dX{Z, P, F) = {inf (I(Z, P, P)), sup(I(Z, P, P))} C M U {-oo, oo}. 

We denote T{Z,P,F){s) = 7p(s). 

Definition 4.14. Let X G Xtpi ('C'^ , ) ■ Let E be an exterior set associated to X. 
We say that £ is parabolic if i>{E) > 1. Every non-terminal exterior set is parabolic. 
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The qualitative behavior of a transversal flow 5ft(/iX) (/i e \ {—1, 1}) in an 
exterior set £ depends on the nature of the set of tangent points between ^{fiX) 
and d£. Since we want to reproduce the same ideas for multi-transversal flows we 
introduce these concepts. 

Definition 4.15. Let X e XtpifC^^O). Consider an exterior set 

£ = {{x,t) e 5(0,(5) X C : ?7 > |t| > p\x\} 

associated to X with < rj << 1 and p > 0. We define T£^-^{r, X) the set of 
tangent points between \t\ — rj and 3?(A'^^^V-'^£)|x=rA for (r, X, p) S R>o x §^ x 
We denote T^-^ {''^■^) — '^^^x (''j ^) for the particular case £ — £q. 

Definition 4.16. Let X G A'fpifC^,Oj. Consider a compact-like set 

C = {{x, w) e i?(0, 5) X (5(0, p) \ U^eScBiC, Vex))} 
associated to X. We denote TC'^-^{r, X) the set of tangent points between \w\ — p 
and 5R(A^('^V^c)|x=rA- 

Definition 4.17. Let B a basic set. We say that a point j/o G TBfj_x{r, A) is convex 
if the germ of trajectory of^{X'^^^'^pXi3)\x^r\ passing through j/o contained in B. 

Lemma 4.1. [16 Let X £ Xtpi(€? and an exterior set £ = {rj > \t\ > p\x\] 
associated to X with Q < rj « 1 and p > 0. Then the set T£^-^[r, A) is composed 
of 2v{£) convex points for all (A, /x) G §^ x §^ and r close to 0. Each connected 
component of {t G dB{0,rj)} \ T£^-^{r, X) contains a unique point of T£^i-^{r,X) 
for any p' E \ {-p,p}. 

Lemma 4.2. |l16| Let X G Xtpi (C"^ ,0) and a compact-like set 

C = {{x, w) G i?(0, S) X (5(0, p) \ UceScBiC, Vc.c))} 

associated to X with p » 0. Then rC^j^(r, A) is composed of2v{C) convex points 
for all (A,/z) G x and r close to 0. Moreover each connected component 
of {\w\ = p} \ TC^j^{r, X) contains a unique point of TC'^,^{r, X) for any point 

p' e§'\{-p,p}. 

4.3.1. Parabolic exterior sets. Let us analyze the quantitative and the qualitative 
dynamical behavior of a transversal flow ^{p,X) (/i G S^\{— 1,1}) in a parabolic 
exterior set £. We want to apply the same ideas in the more general setting of 
multi-transversal flows. 

Remark 4.4. The qualitative behavior of '3i{pX) (/i G \ {—1, 1}) in a parabolic 
exterior set £ = £is is described in propositions 6.1 and 6.2 and corollary 6.1 of 
|16| . It is a truncated Fatou flower (see figure The proof is based on: 

• Tangent points between ^{pX) and d£ are convex. 
. W^lxir, A) = u{£) for any (r. A) G [0, 5)x^\ 

• Suppose £ is non-terminal and denote C — Cp. Then we have 

^T£;^{r,X) = iTC';^^{r,X)^:.i£) 



for any (r. A) G [0,6) x S^. 
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The previous properties are guaranteed by lemmas [4 . 1 1 and IT2l The results hold 
true for < 7^ < ry'' for some rf e M+. We also need p > p° for some G M+ if 
£ is non-terminal. These properties are preserved by refinement of the dynamical 
splitting F . Let us remark that the choice of 77" and does not depend on /i e S^. 

Next, we introduce the other ingredient in |16) to describe the dynamics in 
exterior sets. It is of quantitative nature. 

Definition 4.18. Let X e XtpiCC"^ Let £ = {r] > \t\ > p\x\} he a parabolic 
exterior set associated to a seed T . The vector field Xg is of the form 

Xe^v{x,t){t-li{x)y' ...{t~-1p{x)Y-d/dt 

where v is a function never vanishing in T . Denote — li- Denote ipg a holo- 
morphic integral of the time form of v{0,t — ^£{x))(t ~ ^£(x)Y^^^^^ d/dt defined in 
the neighborhood of £ \ SingX. 

Remark 4.5. The function is of the form 

= Kg>(0,0) ft-7.l))-(^) +ResiX£,{0,0))Ht^j£{x)) + h{t-j£{x)) + b{x) 

where h(z) is a 0(1/ z'^^^'^^^) meromorphic function and b{x) is a holomorphic 
function in the neighborhood ofO. Thus given C > there exists Cq G K+ such that 

in£r\{t- 7£(x) e M+e'I-';'';]} n {x G 5(0, (5(C))}. 

Definition 4.19. Let £ = {ri>\t\> p\xW be a parabolic exterior set associated to 
X G Xtpi (C^ , j. Denote ips a holomorphic integral of the time form of Xg defined 
in the neighborhood of £ \ SingX such that ^p£(0,y) = Tp^(0,y). The function ip£ 
is multi-valued. 

Lemma 4.3. (lemma 6.5 ^) Let £ = {{x,t) G B{{),5) x C : 77 > |t| > p\x\} be a 
parabolic exterior set associated to X £ Xtpi (C^, Q). Let w > 0, C > 0. Suppose £ is 
terminal. Then < v in £r^{t--f£{x) G R+e'["'^''^l}n{x G B(0, (5(u, C))} 

for some S{v, C) G K+. The same inequality is true for a non-terminal £ if p > 
is big enough. 

Remark 4.6. The lemma implies that the qualitative behavior of 

^iifiX) and 'Stipx<^^viO, t - -/£ix)){t - -i£{x)Y^^^ d / dt) 

is very similar for all exterior set £ and yit G S^. We say that the properties in 
remark l4-4\ '"^'^ lemma \J7S\ are the stability properties for the behavior of transversal 
flows in parabolic exterior sets. They are preserved by refinement. Moreover they 
do not depend on the transversal flow 5R(/iX) whose dynamics we are studying. 

4.3.2. Non-parabolic exterior sets. A non-parabolic exterior set £ — £f}^Q is termi- 
nal. We have 

£ = £p (. = {(x,t) G 5(0,(5) X C ; |t| < 77} 
and = Cj for some 1 < j < Consider a compact set / C S^. 

Remark 4.7. The stability properties associated to a transversal flow ^(fiX) and 
a non-parabolic exterior set £ are: 

• (A, p) ^ W-^ for any A G /. 
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• di{^X) is transversal to de£ in {{x,t) £ {0,6)1 x 95(0, 77)}. 

The first property implies the second one for < 77 << 1 by the argument in 
subsection (6.4.2) of [TB]. We can choose < 77 < 770 for some 770 G IR+. The choice 
of 770 > depends on / and fi. Given /, we can choose the same 770 > for any 
n' G S"'^ in a neighborhood of /i. There exists a dynamical splitting F' whose every 
refinement F satisfies Sp^c; C {{x, t) e B{0, 6) x C : \t\ < 770}. 

Let us remark that the unique singular point (xq, 7£(a;o)) in £(xo) is attracting 
or repelhng for ^{fiX)^^^^^ and any xq G {0,6)1 (subsection 6.4.2 of [H]). 

4.3.3. Compact-like sets. Let 

C = C,=Cp^ {{x, w) e B{0, 6) X (:b(0, p) \ Uces,B{C, 7/^,c))} 
be a compact-like set. Consider a compact set / C S^. 

Remark 4.8. The stability properties associated to a transversal flow 5R(/iX) and 
a compact-like set C are: 

• (A, ^) ^ U'^ for any X G I. 

. iTC'^,Ar,^) - '^{C) and HT(£:^,c);^?^(r, A) = i^{£p,c) VC G Sp V// G S^. 

• If there is a trajectory 7 of^{fiXj{X)) for some A G / whose a and uj limits 
are singletons contained in Sing{Xj{l)) then there exists a trajectory 7' of 
^{fj,Xj{X)) contained in B{0,p) such that a{'~f) — 0(7') and ui{'^) — w(7'). 

The second property can be obtained by choosing p > p'' > and < r/^^^ — '7/3 c 
for any C, £ Sp. The above properties imply that the behavior of ^{p,Xj{X)) in C 
and B{0,p) are analogous (see equation (4) and proposition 6.6 in |16]). They are 
the ingredients that we use to describe the behavior of ^{piX) in the compact-like 
set Cp. In fact the dynamics of 5R(/iX) in Cp is analogous to the dynamics of the 
stable polynomial vector field 5R(/xXj(A)) (see section 6.5 in and figure ^). 
Given / we can consider the same choice of 770 and {rf^ c} for any p! e §^ in 
the neighborhood of p. 



Figure 2. Dynamics of 3?(Xo(l))|B(o,p) and lk{X)\Co(xo) for ^0 in 
^+ &ndX^y'^{y-x)d/dy 

Remark 4.9. The stability properties that we demand to exterior and compact-like 
sets are compatible since they are preserved by refinement. 

Next remark is basically lemma 6.13 in [TfT. It is helpful to make pictures of the 
dynamics of ^{pX) in Cj . 
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Remark 4.10. Consider P ~ {r,X,w) E deCj with X E I and (A,/i) ^ Wj^-. // 
3?(/iX) points towards the interior of Cj at P or 5ft(/iX) is tangent to deCj at P 
then r(s) e diCj where T = T{\<'^'^ ^iXc,, P,Cj) and s = sup(I(r)). A possible 
dynamical behavior for the trajectories o/3?(HX)|c^ is represented in figure (0). 

4.4. Construction of the multi-transversal flow. Consider A S §^ and a stable 
multi-direction H = (/ii, . . . : e'["«'"il (e*(0'^))«. We denote 

the multi-direction induced by H. We define 

• = /Xj for a a compact-like set Cp = Cj . 

• HfTg = i for the first exterior set. 

• = Hc^ for an exterior seed S whose father we denote Tp. 
We defined a function He : e'^""'"!' ^^(0,7^) ^^^^ basic set B. 

We say that a dynamical splitting F is associated to H if 

• 3?(/iX) is stable at 8 for any /i e and any parabolic exterior set £. 

• is stable at yj(r,e)e[o.&)-x[uo,ui]£{i', e*^) for any non-parabolic exterior 
set £. 

• 3fi(HcX) is stable at U(j.,e)e[o,(5)x[tto,tii]C(''j e*^) for any compact-like set C. 
The stability properties are introduced in subsections 14.3.11 14.3.21 and 14.3.31 We 
always consider associated dynamical splittings. The first condition is obtained 
just by considering small exterior sets (see subsection 14.3. ip . Given u G [uo,ui] 
there exist a dynamical splitting and a neighborhood /" of u in [uq,ui\ such that 
"^(^qX) is stable at U(r,6))g[o,5)x/"'S(r, e*^) for any non-parabolic basic set B (see 
subsections l4.3.2l and l4.3.31) . The dynamical splitting is obtained by doing successive 
refinements. Since [uq,ui\ is compact we can find the same dynamical splitting 
satisfying the conditions above. 

We want to define a continuous function 

H* : ((M+ U {0})e*["°'"il x 5(0, e)) \ SingX ^ e'^^^^'l 

We obtain a flow ^{^*X) defined in [0, (5)e*["»'"il x B{0,e). We require 3fi(H*X) to 
fulfill the following properties: 

• We define HJ^^ = Hc^ = fJ-j and (HX)cj = t^j^Cj for any 1 < j < q. 

• Let £ be a terminal exterior set. We define HJ^^ — Hf and (HX)^ — HJ^^X^. 

• Consider a non-terminal exterior set 5^ = {{x,t) G : p\x\ < \t\ < 77} for 
some p,ri £ R+ . We require 

Denote = e*^« and Hc^ = e^^i for 6*0, 61 : e'[«0'"il (0, tt). Let ? : R [0, 1] be 
a function such that ^(-00, 1 + 1/4] = {1} and <;[2 - 1/4, 00) = {0}. We define 

H*(r,A,i) =H£^(A)e''(^i-^»)(^)'^(l*l/('"'» V(r,A,t) G f^n ([0,(5) x e*["«^"il x C) 

and (HX)£, =H*X£,. 

Deflnition 4.20. Let H : / — (e*(o,7r))g ^ ^iaft/g multi- direction at I. We 
denote 3fi(HX) t/ie flow 3fi(H*X) defined in [0,^)7 x 5(0, e). /n particular we can 
define '>R.{^k,A,\X) in [0,S)Xe'^^^^'''^'^^ x B{0,e) for any function t^k,A,\- We say that 
3?(HX) is a multi-transversal flow. 
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Remark 4.11. Let X e Xtpi('C'^,0) and A = (Ai,...,Ag) G M. Any multi- 
direction Hk,A,\ is of the form 

^fc,/fc+i,...,;5 (A') = (Ai (A'), • ■ • , Afe (A'), /^fe+i,;,+i , • ■ • , Mg,; J 
where I < Ij < sj for any k < j < q. We denote 

Indeed 'iik,ik+i.,...,ig ■ ^fe,;fc+i,...,/,-e*'~'"'^''"*' (^e^(o,-^)'jq ig ^ stable multi-direction. 
We construct a dynamical splitting F k.ik+i,...,ig associated to ^k,ik+i....,ig- By taking 
a smaller ua > and a compactness argument we can suppose that F k.ik+i,---.iq 
associated to the constant multi- direction ^k.ik+i.---,iiji^') ■ Ae*'^'^'^'"^! — > (e*^^''^))'' 
for any A G Dk,ik+i,....iij o-nd any A' G Ae't~^*''^''^I . Since the choices of sequences 
{k,lk+i, ■ ■ ■ ,lq) are finite there exists a dynamical splitting Fa associated to any 
^fe.A,A- It is obtained by taking a common refinement of every splitting Fk,ik+i,....ig- 

Remark 4.12. Let A G and fi G e^'^^''"K Consider H(A) = {fi, . . . , ^) such that 
(A,/i) ^ ^''^y ^ ^ ^ ^ Q- Thsn 3fJ(H(A)X) is a multi-transversal flow at AM^ 

if and only if the transversal flow is stable at AM+ in the sense in [16j (which 

happens by definition if {X, n) ^ Ux — ^k=i^x)- Multi-transversal flows are then 
a natural generalization of transversal flows and they share their good properties. 

4.5. Dynamics of multi-transversal flows in basic sets. Let X G A'(pi(C^,0). 
Consider a multi-transversal flow 5ft(HX) and a basic set B. If S is a compact-like 
or a terminal exterior set then we have 5ft(HX)|g = 3fi(HBX)|g. Thus the dynamics 
of a multi-transversal flow in B is the dynamics of a transversal flow. The dynamics 
of 3fi(HX) in a terminal exterior set £ is described in subsections 14.3.11 and 14.3.21 It 
is a Fatou flower dynamics in the parabolic case. Otherwise it is an attractor or a 
repellor. 

Consider a stable direction N : / — > (e**^°''^))' at a closed arc /. Let Ci, . . ., Q be 
the compact-like sets associated to X. We denote (/ii, . . . : / — (e'^*^-'^^)' the 
multi-direction induced by H. We have 3fJ(HX)|c^ = ^{fijX). Since (A, Aij(A)) ^ Ux 
for any A G / then the dynamics of is as described in section (6.4) of [TB] 

for any 1 < j < q. The dynamics of ^{p,X)\Cj{r\} is analogous to the dynamics of 
a stable polynomial vector field ^{fiXj{Xj) for (A,/i) ■ 

Next, we see that, even if S is a non-terminal exterior set, the dynamics of 
5R(HX)|g is still analogous to the dynamics of a transversal flow, i.e. a truncated 
Fatou flower. 

Definition 4.21. Let X e Xtpi(C^ Consider an exterior set 

£ = {{x,t) G B{Q,5) X C : 7? > |t| > p\x\} 

associated to X with < 77 << 1 and p >0. Civen a multi-transversal flow ^(HX) 
we denote rf2j^(r. A) = T£^^f^^^-^{r, X) the set of tangent points between 3?(HX) 
and de£ ■ We denote r^j^(rA) = T£^j^(r, A) for the particular case £ — £q. 

Definition 4.22. Let X G Xtpi(C'^,Q). Consider a compact-like set 

C^{{x,w)eB{0,5) X (B{0,p)\UceScBiCvcx)} 

associated to X. We denote rC^j^(r, A) = TC^ ('a)x(^''^) 
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Definition 4.23. Let B a basic set. Given a multi-transversal flow ^((^X) we say 
that 2/0 € TBuxir, \) is convex if the germ of trajectory o/ 5R(A'^'^^' (HX)e)|x=rA 
passing through yo is contained in B. Equivalently yo G TBnx{r, A) is convex if it 
is a convex point of TB'^^(^x)x{.'<'-,^)- 




Figure 3. Parabolic exterior sets 



Remark 4.13. Let £ ~ £p he a parabolic exterior set and a multi-transversal flow 
3fi(HX) . We have: 

• Tangent points between and d£ are convex. 

• ^T£lx{r,\) = v{£) for any (r, A) S [0,5) x §i. 

• Suppose £ is non-terminal and denote C — Cp. Then we have 

iT£;i^{r,X) = iTC^^{r,X) = ,y{£) 
for any (r, A) G [0,5) x §i. 
The properties are a consequence of lemmas \4-l\ and \4-S\ Analogously as for 
transversal flows (see remark \4-4\ l qualitative behavior of ^((iX) in a para- 
bolic exterior set £ = £p is a truncated Fatou flower (see figure ^Ei))- Lemma \4.3\ is 
also satisfied since it does not depend on the choice o/H. 

Next we see that the behavior of a multi-transversal flow in a parabolic exte- 
rior set is analogous to a Fatou flower also from a quantitative point of view. In 
particular we prove that the spiraling behavior is bounded in exterior basic sets. 

Proposition 4.1. Let X G Xtpi('C^ ,0) and let £ = {rj > \t\ > p\x\} be a parabolic 
exterior set associated to X. Consider a trajectory F = F(A'^'-^'' (HX)^, (r, X,t),£). 
for rX in a neighborhood of and a transversal multi- direction H G (e*'^''''^')^ at 
AM"*". Then F is contained in a sector centered at t = 7£(rA) (see def. \4-18^ of 
angle less than C for some C > independent of r, X, F and H. 

Fet us explain the statement. Consider the universal covering 

(r,A,7£:(rA) +e") : £^ £\ SingX. 

Fet F'' the lifting of F by (r, A, e^). We claim that the set (/m(z))(F'') is contained 
in an interval of length C,. 

Proof. We have 

X = x''^^^v{x,t){t - Mx)y' ...{t- -ip{x)y^d/dt 
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where we consider 7^ = 71 . We denote 

Given v > and Co > we can consider 77 > small to obtain that / i/j'g' — 1\ < v 
in the set {(a;, t) & 8 : \ arg(i — j£{x))\ < (0} (see remark |43)) . Therefore we obtain 
Itps/tpg^ — 1\ < V in {{x,t) e £ : I arg(i — 7i(x))| < Co} by considering 77 > small 
enough and p > big enough if £ is not terminal (lemma I4.3P . 

We have (HX)^ = Hj^gXf. Since H*(x,i) G e''-"-''^ for any {x,t) e £ then we have 
that either 

{ij£/x<^'>){T) n (R+ u {0}) = or (#/A^(^))(r) n (R- U {0}) = 0. 

Thus (^£/A^(^))(r) lies in a sector of angle of angle 27r. Since ■0f /V'™ 1 then F 
lies in a sector of center t = 7f (r, A) and angle close to 2tt/v{£). □ 

4.6. Dynamics of multi-transversal flows in a neighborhood of the ori- 
gin. Let X £ Atpi(C^,0). The dynamical properties oi Re{^X)^x{Ru{o})xB(o,e) for 
(A, /Lt) ^ Ux are obtained by pasting the dynamics in exterior and compact-like ba- 
sic sets. The important facts are that ^{p,X)\£ is a Fatou flower dynamics for any 
parabolic exterior set £, an attractor or a repellor for any non-parabolic exterior 
set and that the dynamics of ^{^X)\Cj{r\) is analogous to the dynamics of a stable 
polynomial vector field ^{fj.Xj{X)) for (A,/i) ^l^f ■ These properties are preserved 
for a multi-transversal flow 3?(HX). Namely, the dynamics of 3?(HX) is a Fatou 
flower, an attractor or a repellor in exterior sets and since (A,/^j(A)) ^ then 
the dynamics of 3fi(HX)|c^.(rA) = '^{i^j{^)^)\Cj(r\) is analogous to the dynamics of 
a stable polynomial vector field 3fi(^j(A)Xj(A)). 

Next we introduce the generalizations for multi-transversal flows of some defini- 
tions and theorem for transversal flows. We skip the proofs since they are straight- 
forward generalizations of their analogue counterparts in |16j . 

Lemma 4.4. Let X e Xtpi('C'^ .0). Consider the multi-transversal flow 3f?(HJY') for 
some stable multi- direction H : / — (e''^^''^))'. Let Pq G [0,(5)/ x dB{0,e) such that 
3fi(HX) does not point towards C \ -6(0, e) at Pq. Denote F = F(HX, Pq, Tq). Then 
[0,00) is contained in X{T) aTirf lim^_->oo F(C) € SingX. Moreover the intersection 
o/F[0, cx)) with every compact-like or exterior set is connected. 

The previous lemma is a generalization of lemma 6.13 in |16l. The proof of the 
previous lemma is obtained by using that 3fi(HX) is a Fatou flower in parabolic 
exterior sets, an attractor or a repellor in non-parabolic exterior sets and remark 
14.101 in compact-like sets. 

Definition 4.24. Let X S Xtpi(C^ tQ). Consider a multi-transversal flow 5R(HX) 
for some stable multi- direction H : / — !■ (e*'^"^"))''. We define the set of regions 
Reg* {e,HX, L) associated to 3fi(HX) in B{0,6) x _B(0,e) as the set of connected 
components of 

([0, d)L X B{0, e)) \ {SmgX \J^e[o.s)i ^PeT^A-)^^, P, Tq)). 

We define a^^ (P) as the a-limit ofT{^X, P, Tq) for any P G B{0, S) x P(0,e) such 
that I{^X, P,\y\ < e) contains (— oo,0). Otherwise we define a^'^(P) = c». We 
define oj^^ (P) in an analogous way. 
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Figures (1) and (2) in jl6j are examples of partitions in regions. The dynamical 
behavior of 3fJ(HX) in terminal exterior sets implies that the singular points of 
5ft(HX) in [0, S)I X B{0, e) are attracting, repelling or parabolic. We have: 

Lemma 4.5. Let X e Xtpi('C^,0). Consider a multi-transversal flow di{^X) for 
some stable multi- direction H : / — > (e*^°^'^^)''. Given P S B{Q,5) x -8(0, e) then 
either a^^ {P) — oo (resp. uj^-^ (P) — oo) or a^-^ {P) (resp. Ll!^'^{P)) is a singleton 
contained in SingX. 

The basins of attraction and repulsion of the singular points are open sets. The 
functions a^^ and uj^-^ are locally constant in 

{{x} X i?(0, e)) \ {SmgX U UpeT»^(.)r(HX, F, Tq)) 

for any x E [0, S)I. Given H E Reg*{e, HX, /) the function a;|^ is either identically 
oo or Lu^-^{H{x)) is a singleton {{x, g{x))} for any x £ [0,6)1 where y = g{x) is one 
of the irreducible components of SingX. We denote uj^^ (H) the curve y — g{x). 
An analogous property holds true for a^-^ . 

Definition 4.25. Denote 

i?e5oo(e,NX, /) = Reg*{e,\iX, I) n {{a^^)-\oo) U {uj^^)-\oo)) 
and Reg{e,HX,I) ^ Reg*{e, HX, /) \ Regao (e, HX, /) . We define 

Reg,{e,^X,I) = {H e Reg{e,^X,I) : c^^^(H)} = j} 

for j £ {1,2}. We define Regl{e,^X,I) = Regi{e,^X,I) U Reg^{e,^X,I) and 
Reg*2 (e, HX, /) = Reg2 (e, HX, /) . 

Remark 4.14. Let X G Xtpi(C'^,0). Consider a multi- transversal flow 3f?(HX) for 
some stable multi- direction H : / — )■ (e*^'^'^^)^. The domains represented by points 
of Reg{e,HX, I) are ^(HX) invariant. 

Remark 4.15. Let X e XtpifC^^O)- Consid er a multi-transversal flow 3fi(HX) 
for some stable multi- direction H : / — > (e**^'^''^))''^. The set H{x) (see def. \4-12^ is 
connected for H € Reg* {e,HX, I) and x G (0,(5)/. The set H(0) is connected for 
H € Regi{e,HX, I) whereas otherwise H(0) has two connected components. 

Definition 4.26. Let H e Reg* {e,ii.X, L) (see def \4J^. We denote V{H) the 
set of connected components of H{0) (see def. \4-.12\ l. Given L £ V{H) we define 
Hl = {H\H{0))\JL. We define Vx = ^HeReg(eMXj)'P{H). The set Vj^ does not 
depend on I or H. 

Remark 4.16. Let H e Reg*{e,HX, L). We have p'iH) ^ j (see remark\jA^. 

Definition 4.27. Let L G 'Px- denote L^^ix) the unique continuous section 
of Tlx s^'c/i that LIxiO) e L. 

Definition 4.28. Fix eo > small enough. Let e e (0, eo/2). Consider L £ Vx 
and the region H £ Reg{e,\iX, I) containing L. There exist Hq £ Reg{eQ,\iX, I) 
containing H and Lq £ V{Hq) containing L. Let ijj be an integral of the time form 
of X defined in a neighborhood of (Lo),^^(0) in such that ip{x,yQ) = where 
(0, yo) is the point {Lq)^x{0)- By analytic continuation ofip we obtain a continuous 
integral of the time form ^ of X in Hl . We denote ?/;^ ^ by ij}-^ if the data e, 
H and L are implicit. 
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Remark 4.17. The choice of eo is intended to make the definition of Fatou co- 
ordinates as independent of e as possible. Given H G Reg{e,^X, I), L G ViH) 
and H' G Reg{e' ,'AX,I), V G V{H) with H d H' and L d L' we have that 

'^H.L = i^W.L')\H- 

Definition 4.29. There exist 2i^(£o) continuous sections 

Tti{r,\), T:f'-'°\r,\), T:f^'°^+\r,\)^T:^\r,\) 

of (r, A) . The sections are ordered in counter clock wise sense. Let Lj be the 
element of Vx such that r?^(0) G Lj. 

Definition 4.30. Consider H G Reg*{e,^X,I) \ Reg{e,^X,I) and L G ViH). 
Consider G Vx such that (L^)|^(x) G H for any x G [0,6)1. We define ip-^ as 
the analytic continuation of tp-^i to H. Let us remark that there are two choices 
of L^ and then two possible definitions of ipL since ^{Tfxix) H H) = 2 for any 
X G [0,(5)7. 

Consider H G Reg{e, HX, 7) and L G P{H). By construction is holomorphic 
in 77°. Moreover {x, is injective in 77 since tp^ {Hl{x)) is simply connected for 
any x G [0, 6)1. By construction \tj}^ \ is bounded by below by a positive constant in 
77. The function tp^ + d{x) is also a Fatou coordinate of X in 77 for any d G C{a;}. 

We call subregion of a region 77 G Reg*{e, HX, 7) every set of the form 77 n f or 
77 n C where £ is an exterior set and C is a compact-like set. We say that all the 
subregions of 77 G 7?eg^(e, HX, 7) are L-subregions where ■P(77) = {L}. Consider 
77 G Reg2ie,HX,I) = Reg2ie,HX,I) with V{H) = {L,R}. There exists a unique 
seed Tp such that the curves a^^-^ {H) and Lu^^'^ (H) are contained in Tp but they 
are not contained in the same son of Tp. A subregion of 77 contained in Mp is a 
L-subregion. A subregion in the same connected component of 77\ (M^ U {(0,0)}) 
as L is also a L-subregion. We define the union of the L-subregions of 77. 
Clearly we have 77 = 77-^ U 77-'^ by lemma 14.41 




Figure 4. Subregions of a region 77 given 7^(77) = {L,R} 



4.7. Non-spiraling properties of multi-transversal flows. This subsection in- 
troduces some of framework leading to the proof of the summability estimates. We 
need them in order to prove the multi-summability of the infinitesimal generator 
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of an element of Diff pi (C^, 0). The task requires an analysis of the dynamics of 
multi-transversal flows in basic sets. This infinitesimal study is key to capture all 
levels of multi-summability. 

Let X G Xtpi{C^ ,0)- Consider a multi-transversal flow 3fi(HX) for some stable 
multi-direction H : J — >• (e*^^'''))''. Let H e Reg*{e,'RX,I). In this subsection we 
study the behavior of H{r, A) nS when (r, A) (0, Ao) for a basic set B and Aq € /. 
Wc sec that such limit exists in adapted coordinates. 

Definition 4.31. Let A be a subset of <C\ {0}. Consider the blow-up mapping 
TT : (IR+ U {0}) X ^ C defined by 7r(r, A) = rA. We denote A„ the subset 'tFHA) 
o/(R+U{0}) X 

Definition 4.32. Let X <E Xtpi(C^,0) and let £ = {i] > \t\ > p\x\} be an exterior 
set associated to X. Consider A C C \ {0} and a continuous section r : A — >■ de£ 
(i.e. t{x) e de£{x) for any x G A). The map r is of the form {x,ts{x)) in 
adapted coordinates {x,t). We say that r is asymptotically continuous if ts admits 

a continuous extension to A^. 

Definition 4.33. Let X € Xtpi (C^^Q) and let 

C = {{x, w) e i?(0, 5) X {B{Q, p) \ UceScBiC, Vc,c))} 

be a compact-like set associated to X. Consider A c C\{0} and a continuous section 
T : A deC. The map r is of the form {x,tc{x)) in adapted coordinates {x,w). 
We say that r is asymptotically continuous if tc admits a continuous extension to 
A„. 

Example: Let X = y{y—x^){y—x)d/dy. We have that di£o — deCo is of the form 
{{x,w) e B{0,6) X dB{0,p)} with w = y/x. Consider the sections tq : M+ — > deCo 
and Ti : R"*" — > deCo defined by to{x) = {x,xp) and ti{x) = {x ^xe^ p) in (.x,?y) 
coordinates. Both sections admit a continuous extension to a; = by defining 
ro(0) = (0,0) = Ti(0). Nevertheless tq is asymptotically continuous whereas n is 
not. 

Definition 4.34. Let X € Xtpil^,"^ ,0). Consider a multi-transversal flow 5ft(HX) 
for some stable multi- direction H : / — >■ (e*'^°''^^)^. Let B be a non-terminal basic 
set associated to X. Consider a continuous section r : {0,6)1 dgB. Suppose 
that does not point towards the exterior of B at t(x) for any x € (0, S)L. 

The dynamics of 3?(HX) implies supX(ra;) < oo and Tx{supI{Tx)) S djB for 
= r(HX, T(a;),B) and any x G {0,6)1. The formula 9r(x) = rj:(supl(ra:)) 
defines a continuous section dr : (0, 5)1 — > diB whose image is contained in a 
connected component of diB. We define ip{dT{x)) — iP{t{x)) by considering a Fatou 
coordinate ip of X defined in a neighborhood o/ rx[0,supl(ra;)]. The definition 
does not depend on the choice oftjj. 

Proposition 4.2. Let X <E Xtpi(C'^,0). Consider a multi-transversal flow 
for some continuous function H : J — >■ (e^^"''^^)^. Let B be a non-terminal basic 
set associated to X. Consider a continuous section r : (0,^)/ dgB. Suppose 
that does not point towards the exterior of B at t{x) for any x G (0, S)L. 

Suppose that r is asymptotically continuous. Then dr is asymptotically continuous. 
Moreover the function F : {0,6) x 7 — )• C defined by 

\r\<^\ij{dT{r,X))-^{T{r,X))) 
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admits a continuous extension to [0,(5) x / such that F{0,X) e H for any A € /. 
Proof. Suppose that S is a compact-like set 

C = {{x,w) e B{0,S) X (BiO,p)\UceScB{Cvcx))}- 
Denote X'^{\) the polynomial vector field associated to C. We denote 

rA-r(Hc(A)X'^(A),Tc(0,A),C). 

We have that 5R(A'^''''' (HX)c) does not point towards the exterior of B{0,p) at 
(r,A,Tc(r,A)) for any (r, A) e_{0,6) x /. By continuity n{X''^'^^ilX)c) does not 
point towards the exterior of B{0,p) at {r, X,Tc{r, X)) for any (r, A) G [0,5) x /. 
The vector field 3fJ(HX)|c is of the form 3f?(|a;|<=('^) A*=('^) (^^)c)- We have 

V y|(r,A) = (0,Ao) 

Hence the remark (|4.10p implies that sup(X(rA)) < oo and rA(sup(X(r;^))) € djC 
for any X G I. We deduce that dr extends continuously to {{0,5)1}^^ by defining 

9t(o,a) = rA(sup(i(rA))) 

in {x,w) coordinates for any A G /. Consider a Fatou coordinate ip'^ of X'^{Xo) 
defined in a neighborhood of r;^(,[0, supI(rAo)]. We obtain 

lim |rr('^)(V'(9r(r,A))-^(r(r,A))) =V''(ar(0,Ao))-V''(r(0,Ao)) 

(r,A)-i-(0,Ao) 

for any Xq e I. Clearly F(0, Aq) belongs to Hc(Ao)M+ C H. 
Suppose now that B is an exterior set 

£ = {{x,t) e B{0,6) xC:ri>\t\> p\x\}. 

Let C be the compact-like set such that dj£ = d^C. There exist 2v{£) continuous 
sections 

TE^^i{r,Xl T£,^f(^)(r,A), Tf.^f A) = rf,^^(r, A) 

of T£^^{r, X). The sections are ordered in counter clock wise sense. We denote 
arcj(r, A) the closed arc going from Tf^'^(r, A) to T£^'p~^{r, X) in counter clock 
wise sense. The choice of the order implies 

arCjir,X)nT£^x{r,X) = {T^'^ir, X),T£ll'^+\r, X)} V(r, A) e [0,6] x /. 

There exists fc e Z/(2i/(£)Z) such that (r, A) G arcfc(r, A) for any (r, A) G [0,^)x/. 
In the rest of the proof we are going to show that dr and F only depend on k. 
Consider coordinates {x, w) with t = wx. We denote 

C(pi) C U {{x, w) £ B{0, S)xC: pi>\w\> p} 

and TC^xir, A) = rC(pi)g'^x(r, A) for pi > 2p. Fix pi > 2p, we define 

=rix<'\^x)s,p,£\c{pi)). 

We have that supl(r^i) < oo and T^^ (supZ(r^i )) e d^Cipi) \ TCg^(r, A) for aU 
P e arcfc(r, A) and (r, A) G (0,(5) x /. All the points of the form T^^ (supl(r^' )) 
are in a unique connected component Ap-^ of 9eC(pi) \ TC^^. We have 

(a^('^)H£(A)Xc) =H£(Ao)X'^(Ao) VAoG/. 

V /|(£\C(pi))(0,Ao) 
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Thus Ap-^{0,X) is an open arc transverse to 5R(H£(A)X''(A)) and whose closure 
contains two points of TC^J^(0,A) for any X E I. Moreover H£(A)X''(A) is conju- 
gated to 

w in the neighborhood of w = cxi. Thus there exists a unique 
trajectory cpx : {0,Sp^^\] — >■ C of 9fi(H£(A)X''(A)) such that hm^-i-o (s) = oo, 
0a(O,Spi,a) C C \ 5(0, Pi) and 0a(spi,a) e ^pi(A) for any A e /. The germ of the 
curve 4>\ in the neighborhood of oo does not depend on pi . 

Consider p2 > pi and (r, A) G [0, S) x /. We define : Ap^ (r, A) ^ Ap, (r. A), 

it is the mapping given by the formula 

K^f'{p) = r^^^''^(supi(r^=^'''^)) 

where Fp '''^ = V{'^£X'~ , P, C{p2)\C{pi)). Let us remark that given p2 > pi we have 
(supl(r^")) C Ap^ (r, A) for all P e arcfc(r. A) and (r. A) S (0, (5) x /. We deduce 
that (supl(r^^ )) € TP^f" {Ap., (r, A)) for all P € arck{r, A) and (r, A) € (0, 6) x /. 
We have 




We can consider pi = 2p. We define 

ar(0,A) = (0,fA(sup(Z(fA))) 

in (a;,w) coordinates for A G / where Ta = r(A^('^)H*Xc, (0, (?!)a(s2p,a)), f)- We 
obtain in this way a continuous extension of dr to ((0,(5)/)^. 

Consider a Fatou coordinate ip'^ of X^(Ao) defined in a neighborhood of the set 
Fao U <?!>a(0,S2p,Ao] U {oo}. Denote Wr^x,p, = T^'^^ ,,)(sup J(r^J^ ;^))). We have 

^{dr{r, A)) - V(T(r, A)) = [V'(aT(r, A)) - i^{wr,x,p, )] + [V^t^.a.p, ) - ^(T(r, A))] 
and 

/*"^(r,A)^(o,Ao)IH^*^H^(5r(r, A)) - VXu'rApJ) = V'''(9t(0, A)) - V'''(0a(sp,,a)). 
We have t ^ t — je^x) in £. By using lemma and remark [4.51 we obtain 

\M^rA.P^)-^drirA))\ <-J^ + C" 
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for some constants C ,C" e M+. We can consider ip — tps/x'^^^^ to get 

|rr(^)|^(z^.,A.pJ-V'(r(r,A))| <-^ + C"r'^^'^ 

Pi 

whose limit when {pi,r) — > (oo,0) is equal 0. Therefore we obtain 

lim |r|'(^)(V'(5r(r, A)) - V(r(r, A))) = V''^(9t(0, A)) - V^(oo) 

(r,A)-j-(0,Ao) 

for any Aq £ I- Moreover F(0, Aq) G H for any Ag G / since the image of H* is 
contained in e*^°''^-'. □ 

The previous proposition makes simpler the analysis of regions of multi-transversal 
flows. The proof of the following corollary is contained in the previous one. 

Corollary 4.1. Consider the setting of the previous proposition. Suppose that B is 
an exterior set. The set d^B of points in deB where 3fi(HX) does not point towards 
the exterior of B has v{B) connected components. Then (9r)|j,=o only depends on 
the component of d^B containing t{{O^S)I). 

Corollary 4.2. Let X e Xtpi ('C'^ , ) ■ Consider a multi-transversal flow 3?(HX) for 
some stable multi- direction H ; / ^ (e'^O''^')'?. Denote = T{)kX,T^^{x),To) for 
X e (0,(5)/ and i G 1,/ {2v{£n)'L) (see def. \4.29^ . Given a basic set B associated to 
X we have that either r^[0, oo) HdeB is empty for any x G (0, 6)1 or r^[0, oo) HdeB 
contains a unique point for any x G (0, S)L Suppose that we are in the latter case. 
Then the mapping x r^[0, oo) H deB is asymptotically continuous in (0,6)1. 
Moreover the function F : (0,6) x I ^ C defined by {\r\<^^^^)(rl ^[0,oo) D deB) 
admits a continuous extension to [0, 5) x I such that F{0, A) G HI for any A G /. 

Proposition 4.3. Let X G Xtpi('C^,0). Consider a multi-transversal flow 5R(HX) 
for some stable multi- direction H : / ^ (e*'-"''^'')'^. Let £ = {rj > \t\ > p\x\} be a 
parabolic exterior set associated to X £ Xtpi('C^,0)- Consider H G i?eg*(e, HX, /). 
Then there exists Cg G M'*' such that 

^ ^ <m{x,t)<Ce- ^ 



C£\t--t£{x)\-i£) -'^-'^ ' '|t_^^(^)|.(£) 
in every sub-region of H contained in £ . 

Proof. We define Fq = dH \ SingX. The set ro(2:) is the union of the trajectories 
of 5R(HX) bounding H{x) for x G [0, 6)1. The corollary implies that Tq n de£ is 
the union of a finite number of asymptotically continuous sections. Therefore there 
exists C G IR+ such that 

Hnde£ C {t-j£{x) G R+e*[-^^^I} 
by proposition 14. II The result is a consequence of lemma 14.31 and remark [4.51 □ 



Proposition 4.4. Let X G Xtpi(C'^,0). Consider a multi-transversal flow 9fi(HX) 
for some stable multi- direction H : / — > (e'*-^''^-*)''^. Consider H G Reg*{e, HX, /) and 
L G V{H). Then there exists Ci G such that 

for any {x,y) that belongs to the L-subregion contained in £q. The constant Ci 
depends on X but it does not depend on I , H, H or L. 
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Proof. We have y ^ {y — l£o{x)) in So- The proposition 14.11 imphes that the 
subregions of H contained in H f] Eq are contained in {y G M+e*'"^'^'} for some 
C e M^. In fact C does not depend on /, H or H . Thus we can apply lemma l473l and 
remark 23] in order to obtain equation ^ for some Ci G that does not depend 
on /, H, H or L. □ 

4.8. Size of regions. Given (f e Diffpi(C^,0) we define Fatou coordinates in the 
regions of Reg{e,'RX, I) for convenient choices of X, I and H (section [5]). The 
Fatou coordinates are the main ingredients that we use in the theorem of analytic 
conjugation 17.31 In order for such an approach to analytic conjugacy to work it is 
required that regions be somehow preserved by analytic conjugations. Very roughly 
speaking we have to prove that regions are not too small. This subsection is devoted 
to make the previous ideas more precise and to introduce the concepts and results 
that will be used in section [71 

Let X G A'(pi(C^,0). Consider a subset H of Tq. Given a point P E H{x) we 
consider Tp = T{X,P,H). We define 

widthniP) = length{I{Tp)) 

where length{I{T p)) is by definition the length of the interval of definition of X(rp). 
It can be eventually equal to oo. We define 

width'fi^ix) = min widthniP), widtK^'^^(x) = max widthH(P)- 

PeH(x) ti y , p(zH(x) 

Definition 4.35. Let H e Reg2{t,'^X,I). There exists a seed Tp containing 
a^^{H) and u}^'^ {H) but such that a^^ (H) and w^'^(if) are contained in dif- 
ferent sons ofTjs. We denote Ch = Cp. We define e{H) = e{CH)- 

Proposition 4.5. Let X e Xtpi(C^,0). Consider a multi-transversal flow 

for some stable multi- direction H : / — > (e'*-"''^-*)''. Suppose H G Regi{e,'i^X,I), 

then 

width'§'''{x) = width'§''''{x) = oo V.X e [0,(5)7. 
Suppose H G Reg2{e,'^X,I), then there exists J G such that 

widtK^'''{x) > T-^TTv Vx G (0,(5)/. 

\x\'^^"> 

Proof. The result is obvious if iJ G i?e5i(e, HX, /). Suppose H G Reg2{e,'HX, I). 
Denote C = Ch- We have C = {{x,w) G 5(0,(5) x (B{0,p) \ Ui;eScB{C,Vcx))}- 
Consider the magnifying glass M — {{x, w) G B{0, S) x B{0, p)}. We define 

Hcix) = {P G H{x) : r(HX, P, To) C M} 

for any x G (0, S)I. We define 

width*c{P) = length{I{T{X''^"'^Xc,P,Hc))) 

for P G Hc{r, A) and (r. A) G [0, 6) x /. It suffices to prove that width^ > Jq in He 
for some Jq S The rest of the proof is devoted to show this result. 

We have Hc{r,X) D d^CH = {TCP;^[r,\),TC^l[r,\)} for any (r. A) G (0,(5) x / 
where TC^^ (r. A) and TC^^ (r. A) are continuous sections of TC!^^ (r. A) defined for 
(r. A) G [0, 5) X /. Up to exchange TC^^ and TC^^ if necessary we suppose that 
3fJ(X) points towards Hq at TC^^(x) for any x G (0,(5)/. We claim that Hc{r,X) 
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extends continuously to [0,(5) x /, i.e. there exists Hc{0,\o) C M(0,Ao) \ SingX 
such that 

hm {He U SingXc){r, A) = [He U 5mgXc)(0, Aq) 

(r,A)-s-(0,Ao) 

for any Aq G /. The hmit is considered in the Hausdorff topology for compact sets in 
{(r, A, w) e [0, oo) X X C}. The claim is a consequence of the analogous property 
for TC^x(^. ^) and TC^^i^, A). Consider a Fatou coordinate V-c of X'^"'^ Xq in 77c. 
There exists a continuous function c : [0, (5) x J — 7> R+ such that we have the equality 
of sets 

7/;c(rCg^(r,A)) +Hc(A)M = c(r, A) + Vc(TCSi(r, A)) + He (A)R 

for any (r, A) € [0, 5) x /. Thus there exists cq G such that cq < c(r, A) for any 
(r, A) e [0, (5) X I. We denote 

r'.,A = r(A'=(^)(HX)c,rC^^(r,A),Af) 

for j e {1,2} and (r. A) G [0,(5) x /. It suffices to prove that width'^{P) > Jo for 
some constant Jo G M+ and any P G Ua;g(o,(5)/ri(— oo, oo). Let £i, . . ., £a be the 




sequence of non-terminal exterior sets intersected by r^(0,oo). We have 

£k = {ix,tk) G S(0,(5) X C : ?7fc > \tk\ > Pk\x\} 

in adapted coordinates {x,tk) for any 1 < /c < a. Consider coordinates {x,Wk) G 
such that tk ~ xwk ■ Denote 

= {{x,tk) G 5(0,(5) xC:pk< \wk\ < 2pk) and d^El = £fe n = 2pk). 

Given x G (0,(5)/ we denote SA;(a;) and Uk{x) the positive real numbers such that 
Tl.[sk{x)) G SeiSfc and Tl.{uk{x)) G c)/£fc for 1 <k < a. By reordering the sequence 
fi, . . ., £a we suppose si < ui < . . . < Sa < Ua- We denote F^-'^ the compact set 
{wk o r;J,)[sfc(a;), Mfe(a;)]. Analogously as corollary 14.21 the mappings Wk ° r[J.(sfc(x)) 
and WkoTl.{uk{x)) extend continuously to (r. A) G [0, 5) x /. Therefore the function 
X — >■ rl.-'' defined in (0, S) x I can be extended continuously to [0, 6) x /. In 
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an analogous way we obtain that F^'*^ — r^(0,oo) n extends continuously to 
(r, A) e [0, S) X /. Moreover since T,^. ;^(0, oo) n deSi and Tf^^{0, oo) n deSi intersect 
de£i in the same component of de£i \ T{£i)^\-{r, X) then prop. 14.21 and cor. 14.11 
imply that Fq'^ = for any X £ I. Then we obtain F^'^ = Fq'^ for all 1 < A; < a 
and X & I. The negative trajectory Fi|,(— oo, 0) can be analyzed analogously. 
Let us study the behavior of width'^ in 

Denote uq = and Sa+i = oo. Let Ck be the compact-like set associated to the 
same seed as £k- We claim that given x G {0,S)I the function width^. is con- 
stant in F^[ufc(a:), Sfe+i(a;)] for any < k < a. Suppose A; > 1. Then r^(Mfe) and 
r^(R+) n di£k (respectively r^(sfc) and r^(M+) n de£l) are asymptotically contin- 
uous sections whose extensions to r = coincide. Thus we have H* = Hcfe(x) in 
T{X^^^^ Xc,P,Hc)- for any P G Tl.[uk{x), Sk+i{x)\ and the claim follows. Suppose 
k Let s-i(a;) be the negative real number such that F^ (5-1(2:)) £ de£i- By ar- 
guing as in the previous case we obtain that width^ is constant in Tl,[s-i{x), si{x)]. 
Moreover width'^{Tl.[s-i{x) , Si{x)]) C [co,oo) for any x S (0,(5)1. It suffices to 
prove that width*^ decreases at most by a multiplicative constant in Tl.[sk{x), Uk[x)] 
for ah X e (0, 5)1 and 1 < fc < a. 

The sets V]:\[sk{r,X),Uk{r,X)] and Fq'J^ for (r. A) G (0,5) x / are contained 
in trajectories of 5R(A''^'=)H*Xc J that we denote f;^'^[0, u(r, A)]. The vector field 
i?e(A^(^'=)XcJ is transversal to 5R(y(^^)H*Xc J in U(,,A)e[o,5)x/f ^;t[0, w(r. A)]. We 
can define an holonomy mapping in the neighborhood of U(r,A)e[o,(5)x/f ^'^ [0, v{r^ A)]. 
More precisely consider (r. A) € [0,(5) x / and points /ii,/i2 G [Q,v{r,X)\. Let us 
define holr,\,hi,h2{z) for z e R in a neighborhood of such that 

F(A'(^'=)Xc, , fi;^(/i2), T^){holr,XMM (2)) 

is the point of intersection oiT{X''^^'''' Xc^. , f ^'^(^12): ^o) and the trajectory of the vec- 
tor field 3?(A^(^'')H*XcJ passing through F(A^(^'»)Xc^,, f;^'J(/ii), To)(z). The func- 
tion holr.\,hi,h2i^) is continuous in (r, A, /ii, /i2, z) and real analytic in z. Since 
U(r.A)e[o.(5)x/(^j •^) ^ [0,w(?', A)]^ is compact then there exists Jk & such that 

\z\ 

(3) \holr,x.h^Miz)\ > -r 

Jk 

for all hi,h2 £ [0, v{r, A)] and z in a neighborhood of and any (r. A) G [0, S) x /. 
We denote J = co/nfc=i "^k- Consider 1 < A; < a and Aq G /. The compact 
set Hc{r, A) n £1 tends to the curve ^q[x^ = Fg;^^ when (r, A) ^ (0, Ao). Thus the 
property ^ on the behavior of the holonomy in a neighborhood of Uag/Fq'^ implies 
width'^{Tl.[0, 00)) > J for any x G (0, 6)1. We do the same analysis with F;^(— 00, 0] 
and consider a smaller J > if necessary to obtain width'^{rl.{— 00,00)) > J for 
any x G (0, S)I. This implies width'^''^ {x) > J/\x\'''-"^ for any x G (0, 6)1. □ 

Let (p,ri £ Diffpi(C^,0) with the same fixed points set. Suppose that (p\x-xo is 
analytically conjugated to r]^x=xo by an injective mapping k^o whose fixed points 
set contains the fixed points set of ^\x=xo fo^' ^-^ly ^0 in a pointed neighborhood of 
0. If Kxq is defined in some B(0,e) for any xq ^ and some e > independent of 
xq then ip is analytically conjugated to 77 (main theorem in [H]). The family Kxq is 
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not required to depend analytically or even continually on xq. It turns out that if 
we drop the hypothesis on the common domain of definition i?(0, e) then the result 
is no longer true. There are counterexamples where ip and 77 are not analytically 
conjugated and Kxq is defined in B{0,Co/ "C^oyj lnxo|) for some Cq G R+ and any 
Xq 0. One of the goals of this paper is proving that such a counterexample is 
optimal: ip is analytically conjugated to 77 if the domain of definition is any "bigger" 
than {|y| < In x\)}, i.e. if it is of the form {\y\ < s{x)} where s is a i^{£o) 

slow decaying function (see theorem 17.31 for a precise statement). 

Definition 4.36. Let us consider a bounded function s{x) : B{0, i5)\{0} — > M+. We 
say that s is a slow decaying function if linix-fO s^"'^(a;)|a;|'^ = for any r G M+. Let 
v (£ N. We say that s is a v slow decaying function if lim2._j.o s{x) y\\n\x\\ — 00. 

Remark 4.18. A v slow decaying function is a slow decaying function. The con- 
stant fuctions are examples of v slow decaying functions for any v N. Moreover 
both concepts of decay are preserved if we replace s{x) with s{x)t for t e R+. 

Definition 4.37. Let X G Xtpi(<C'^ ,Q). Consider a multi-transversal flow 3?(HX) 
for some stable multi- direction H : / ^ (e*^'^''^')'. Let s be a slow decaying function. 
We define Reg{s,HX., I) the set of connected components of 

{{x, y) e (0, ,5)/ X B(0, e) : r(HX, (x, y), To) C {x} x B(0, s{x))} \ SmgX. 

If s satisfies s < e there is a bijective correspondence between i?eg(s,HX, /) and 
Reg{e, HX, /) and any element of Reg [e, HX, /) contains an element of Reg{s, HX, /). 

The next result is used to prove the proposition 17. II It is one of the ingredients 
of the proof of theorem 17.31 . 

Proposition 4.6. Let X E Xtpi(C'^,0). Consider a multi-transversal flow 3?(HX) 
for some stable multi- direction H : / — )■ (e*'-"'"'')''. Let s be a slow decaying function 
with s < e and r G (0, 1). Consider H G Reg{e,HX, I). Denote Hst the element 
of Reg{sT,\^X, I) contained in H. There exists Jo,Ji S such that exp(tX) 
is well-defined in Hst{x) and exp{tX){HsT{x)) C H{x) for all x G (0,(5)/ and 
t G -0(0, jQ/{s'''^^°^x)T''^^°y) - Ji). In particular we obtain 

width'^^H (x) > r,u\ , -Ji G (0, 6)1. 

Proof Denote ly = iy{£o). We have H G Regj{e,^X, I). The set H \ H,r has 
j connected components. Consider L G V{H). We denote Lst the element of 
V{IIst) such that Lst C L. There exists a unique connected component Gst of 
H \ (Hsr U SingX) such that Ll^{x) G Gst for any x G [0,6)1. It suffices to prove 
width'g^^ix) > Jo/{s{x)t)'' - Ji for any x G {0,6)1. 

We can suppose that di{X) points towards the interior of To at Lj^{x) for any 
X G [0, 6)1 by replacing X with ~X if necessary. Denote 

^ r{X, Lt^{x),B{0, e) \ B{0, s{x)t)). 

Denote i/j = . The interval T{T^) is of the form [0,f(x)] for x G {0,6)1. Let us 
remark that = iX in Sq- We have Cf ^/|y|'^ < \^{x, y)\ < Ci/\y\'^ in £0 for some 
positive constant Ci > 1 (prop. g^). Denote D{x,t) = C^^ /{s{x)t)'' -Ci/e" . We 
deduce 

v{x) = mTi{v{x)) ~ v(r^(o))| > D{x, t) yx G (0, 6)1. 
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Denote C =Co, 

Consider the notations in the proof of prop. 14.21 Given pi > 2pQ the points 
r^(0,oo) n {{x} X dB{Q,pi\x\)) and (0,oo) n ({a;} x dB{id, pi\x\)) belong to 
the same connected component Ap^ of deC{pi) \ TC^^-^ for any x e (0,(5)/ in a 
neighborhood of 0. Analogously as in proposition 14. 21 the sections 

a; ^ r^(0,cx)) n ({a;} X aB(0,pi|a;|)) and x ^ T'J {0, oo) n {{x} x dB{0, pi\x\)) 

are asymptotically continuous and their value at (r, A) = (0, Aq) coincides and 
is equal to the element of the set rip^yp^T^'^^''^^ {Ap^{0, Xq)) for any Aq G /. An 
analogous result holds true for the negative trajectories r^(— oo, 0) and rj'^(— oo, 0). 
We have 

widtha^ALtxi^)) > ^i^) > D{x,t) Vx e [0,(5)7. 
Holonomy arguments, analogous to those in the proof of prop. 14.51 imply that there 
exists J £ such that width^™ > JD{x,t) for any x S [0,6)1. Moreover there 
exists C e K+ such that H*(P) e e^K^^^^^l for any P e {[0,6)1 x 5(0, e)) \ SingX. 
Thus we can deduce that exp{tX){x,y) is well defined and belongs to H for all 
{x,y) e Hsr and t e B(0, Jsin(C)i:'(a;, r)). □ 

5. Comparing (p e Difftpi(C^,0) and a convergent normal form 

The goal of this section is constructing Fatou coordinates for ip e Diff tpi(C^, 0) 
and analyzing their asymptotic properties. The first step of such a project is choos- 
ing an element X G A'tpi(C^, 0) such that ip is tangent to exp(X) at a high enough 
order in the neighborhood of the fixed points. Given a region H G Reg{e,'RX, I) 
the space of orbits of exp{X)\H{x) is biholomorphic to C* for any x G (0, 6)1. Such 
a property also holds true for the orbit space of yy\H{x)- A consequence is the pos- 
sibility of building holomorphic Fatou coordinates and Lavaurs vector fields in the 
region H. This approach was introduced in Lavaurs thesis [7] and developped in 
several papers [H] [12] [9] [16]. 

One of the main properties proved in [16] is that the difference between Fatou 
coordinates of p and exp(X) in any given region of a transversal flow is always 
bounded. We prove the analogue for multi-transversal flows. Such a property and 
the study of the intersection of regions associated to different choices of multi- 
transversal flows suffice to prove the exponentially small estimates required for 
multi-summability (see subsection 15. 5p . The boundness of the difference of Fatou 
coordinates of p and exp(X) is proved in subsection 15.21 The main difficulty is 
that in order to capture the higher levels of summability the estimates have to be 
expressed in adapted coordinates (prop. 15. 2p . The shape of the regions and their 
intersections is studied in subsections 15.31 and 15.41 The regions associated to the 
same multi-transversal flow do not intersect and then a priori we can not compare 
Fatou coordinates deflned in them. But we can acomplish that goal by extending 
Fatou coordinates to slightly bigger domains (subsection 15. 6p . Given the Lavaurs 
vector fields associated to p we prove that they correspond to a multi-summable 
object by using a cohomological approach a la Ramis-Sibuya |14| . Anyway, in order 
to prove that the infinitesimal generator of p is the asymptotic development of the 
Lavaurs vector fields we construct Fatou coordinates whose asymptotic development 
coincides with the power expansion of the infinitesimal generator up to an arbitrary 
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order (subsection 15. 7p ; the proof is completed by using the flatness arguments in 
subsection 15.51 

Remark 5.1. The constructions in this paper can be generalized to elements (p of 
Diffpi(C^, 0). Indeed there exists k £N such that {x^/^,y) o (p o {x^^y) belongs to 
Diff tpi(C^, 0). The results can be translated to DifFpi(C^,0) via a ramification in 
the parameter space. We chose Diff (C^, 0) since the presentation is simpler. 

5.1. Normal forms. The infinitesimal generator log</J of e Diffpi(C^,0) is of 
the form {y o ip ~ y)ud/dy for some unit u E C[[x, y]] (see prop. (3.2) of 116j). 

Definition 5.1. Let (p = exp{{y o cp — y)ud/dy) G Diffpi(C^, 0). We say that 
T G Diffpi (C^, 0) is a k-convergent normal form of ip if log T = {y o ip — y)ud/dy 
for some u G C{x, y} and u~ u belongs to the ideal {yopj — y)^. The last condition 
is equivalent to yoip~yoT £ {y o ip> — y)^'^^ . We say that T is a convergent normal 
form of tp if T is a l-convergent normal form. 

Definition 5.2. Let ip G Diff tpi (C^, 0). Consider a convergent normal form T 
of (p. We define Res{(p,P) = i?es(logT,P) for P G Fix{>p) (see def. \2^. The 
definition does not depend on the choice of T [15 . 

Proposition 5.1. [15^ Let pi G Diffpi(C^,0) and fc G N. Then there exists a 
k-convergent normal form T. 

Let p> G Diffpi(C^, 0). Denote f — y o p) ~ y. Fix a fc-convergent normal form T 
of (/?. Consider an integral of the time form ^ of logT. We define (see section 7.1 
of [H]) 

= o — ?/) o T = "(/; o — (?/; + 1). 

The definition depends on T but it docs not depend on ?/;. A priori the function 
is defined only outside of Fix{tp). Nevertheless, by Taylor's formula we have 

^ o t) (y o ^ - y o T) = O Q o t) = Oif^). 

We obtain 

Lemma 5.1. Let (/j G Diffpi(C^, 0) with fixed k-convergent normal form. Then IS. 
belongs to the ideal [y o ipj — y)^ of the ring C{x, y}. 

Next we estimate A,^ in terms of the Fatou coordinates of regions. We translate 
A^ = 0{f*') to an estimate in adapted coordinates by using the asymptotical good 
behavior of regions. 

Proposition 5.2. Let ip G Diff tpi(C^, 0). Let T ~ exp(X) be a k-convergent nor- 
mal form. Consider a multi-transversal flow 5ft(NX) for some stable multi- direction 
H : / ^ (e^^o-'^))?. Take H G Reg*{e,^X,I) and L G V{H). Then there exists 
K eR+ such that 

(4) \AUx,y)\<-—p^. -r-j: yix,y)eH^. 

The constant K depends only on T but does not depend on I , H. H or L. 

Proof. Denote / = X{y). Let us prove the result for a L-subregion J. Lemma 
implies that there exists a sequence -Bo, ■ ■ Bk = J of L-subregions of H such that 
/3(0) = and 
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• B2j C £i3{2j) for any < 2j < k. 

• B2j+i C C^(2j") for any < 2j + 1 < fc. 

• /3{2j + 2) = (/3(2j), for some g C for any < 2j + 2 < fc. 

We denote i?2i = ^/3(2j) and -E2j+i = C/3(2j). We define deBo ~ deSo n Bq and 
9e-Bj" = Bj n diEj-i for j > 1. As in the proof of proposition 14.31 we obtain that 
dH n deBj is the union of a finite number of asymptotically continuous sections 
Ti,...,Tb : [0,6) X I ^ dH n deBj. Consider adapted coordinates {x,t) for Ej. 
Corollary 14.21 implies that \r\'^^^^'>ip^ j^{r, X,t) is continuous in Bj \ SingX and 
satisfies |r|'=(^^)|V'^,Ll < Aj in d^B^ for some Aj > 0. Denote = x^^^^ Vi,L- 

Let T = {(a;, e i?(0, S) x 5(0, 77)} be the seed associated to Ej. The construc- 
tion of the splitting implies that / G (x''^Ei}+[U+i)/2]-j f^j. any < j < A: (let 
us remark that [{j + l)/2] is the integer part of {j + l)/2). 

Suppose that Ej = {rj > \t\ > p\x\} is a parabolic exterior set, we obtain 

/ ^e(Ei) + [U+l)/2] \ / ^e(Ei) + [{j + l)/2] 

= (,(1+ |V.'j|)l + l/KiJj) j = ^ (TTR7^1 + 1A^ 

since v{Ej) < J^(£o)- We obtain 

a;e(£;j) + [b + l)/2]-e(i5,)(l+l/i.(£o))^ ^ 




= o 



in _Bj since e(i?j) < [{j + l)/2]j/(fo) by construction. 

Suppose that Ej — {\t\ < rj} is a non-parabolic exterior set, this implies j = k. 
We have 

X = x'^^^'-^Xe, = x'=(^'=)t;(a;, - i{x))d/dt 

where w is a holomorphic function never vanishing in Ek- The seed Ek is the son 
of a seed Tp. We obtain = Ci for any 1 < / < g. We have Xc^ = {x,w — (^)*Xe^: 
for some ^ G C n 5^ by construction of the dynamical splitting. This implies 

viO, 0)-i = Res{XE, , (0, 0)) = Res{Xc, , (0, C)) = i?es(X, (1), C). 

Since (A, H^^. (A)) ^ Z-Zj^- (see section [4|) for any A e / we deduce that 

H£,(A)A^(^'=)X,(1) - iiE,WXi{X) e A'oo(C,0) 

for any X E I. The definition of A'oo(C, 0) implies 

A-«(s.)^^j^)-i^(0,o)-i = i?es(Hi;,(A)X,(A),C) 

for any A G /. The function A"'^'^*''^^;^. (A)^^?/'fe(r, A, is an integral of the time 
form of 5R(A'=(^'')(HX)£;J. We define D{r,X) = X-^^-^^E.W^viO^O)-^ and 

F(r, A, - X-'^^-^i^E, (A)-i [V'fc(r, A, - v{rX, j{rX))-' \n{t - j{rX))]. 

The function dF/dt satisfies 

OF , ^ ^ If 1 1 

-(r,A,t) 



at'' A'=(-e;^)H£;,(A) V^'(^A,t)(t-7(rA)) i;(rA,7(rA))(t - 7(rA)) 

It is bounded in Bk and then so is F. There exists f > such that 
arg(£)(r. A)) £ (-7r/2 -I- v, tt/2 - v) 
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for any (r, A) G [0, 6) x I ii Bk is a basin of repulsion, otherwise we have that 
argiD{r, A)) G (7r/2 + v, 37r/2 - v) for any (r, A) £ [0, S) x /. We deduce that 

/ = 0(a;^(^^')+[('=+i)/2l(i-7(x))) = 0(x'=(^^'=)+[(fe+i)/2]e-^l'/'-l) 

in Sfc for some A > 0. This imphes equation ([S]) and then equation ([S]). 

Finally suppose that Ej is a compact-like set. The asymptotically continuous 
character of dH D deEj implies that Ej is compact in the coordinates (r, A, w) 
associated to Ej. We have that ^pj is bounded in Bj. Hence / ~ 0{x'^'--^^^^^'^^'^^^^^^) 
implies equation ([5]) and then equation (j6|). 

We proved that there exists K' £ R+ such that 



K 

Proposition 14.41 implies 

K 

(l + |^^,^(~y)|)'=+'^-M£o) 
where K depends only on T. Since we have 



lim ( inf 1-0^ r (x, w)! ) = cx) 

then equation (|4]) holds true for any {x, y) G with x close to 0. □ 

Both in subsections 15.61 and 15.71 will be necessary to extend Fatou coordinates 
tfj'^ of ip by using the equation ■0'^ o = ^/j*^ + 1. The next lemma assures that the 
asymptotic properties of Fatou coordinates are preserved when extending along 
long orbits. 

Definition 5.3. Let 9 e (0, tt/2) and M e IR+ U {0}. We define the set We.u C C 
given by 

Wbm = {2 e C : Re{z) > 0} U {z e C : \Im{z)\ + tan(6')i?e(z) -M> 0}. 
We define Wt,/2,m = {2 e C : Re{z) > 0}. 




Figure 5. Picture of Wq^m 



Lemma 5.2. Let (p € Diff tpi (C^, 0). Let 9 G (0,7r/2], M > and k > 2. Let T 

be a k-convergent normal form. Consider a orbit = {P, ^p{P), . . . , 1^9^ {P)} '"^'^ o 
function ^ defined in -d such that ip((p(Q)) = ?/' + l + A,^(Q) for any Q G d. Suppose 
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that ^/j{P) £ We,M, |A^(g)| < 1/2 for any Q e -d and |A^(Q)| < sin(6')/2 for any 
Q £ d such that \Im{^{Q))\ > M. Consider a function 11 : — > C such that 

l"'Q'l^ (i + WO)l)' 

Then, we have 

Ein(.'(P))l< ,,.(,_,)(,,|„^)l)._. 

where = (1 — cos(6'))/2. 

Proof. We claim that is contained in Wq^m- We denote z = zi + 12:2- The set 
We,M is a union of the sets Wt^/2^m^ 

El = {z2 + (tan(6'))zi > M} and E2 = {-^2 + (tan(6'))zi > M}. 

The distance from Re{z) = to Re{z) = 1 is 1. Thus |(A<^)|^| < 1/2 imphes 
that a point Q € d such that ip{Q) £ W^7r/2,A/ satisfies ^{(p{Q)) £ ^7^/2, a/- A 
point Q £ d such that V'(<5) ^ Ei \ W^/2,m satisfies |/to(?/'(Q))| > M. Since the 
distance between the lines dEi and 1 + 9-Ei is sin(0) we obtain that ip{(p{Q)) £ Ei. 
Analogously we prove 'tpiviQ)) £ E2 ioi Q £ d such that il^{Q) £ E2 \ Wt^/2.m- We 
deduce that is contained in Wg^M- 

Let us deal with the case of an orbit whose image by ip does not intersect W^7r/2,_Af ■ 
We denote n = for any I £ {0,.. Take h £ {0, . . . , j - 1} such that 

{tq, . . . , } is contained in {Ei U E2) \ W^/2,m- Given r € Wg^o and / € N U {0} 
we have |t + ^| > sin(6')L We obtain 

(8) \nj > \ro + h] Xi > ko + /2I - I sin(0) > ^°±M 

a=0 

for any ^2 € {0, . . . , /i + 1}. 

Now we consider the case n Wjr/2.A/ 7^ 0- We define 

lo = min{/ £ {0,...,j} -.Ti £ W^/2m}- 
We have t; £ W^7r/2,A/ for any lo <l < j. Fix Iq <l < j. We obtain 

- (r,„ + (/ - lo)) = |] |A^(^"(P))| =^ \ri (r,„ + - ?o))| < 

The property jr^Q + {I — lo)\ > I — In a consequence of Re{Tig) > 0. It implies 



I ho + g-MI V\ri„\' + {l-lo)' ^ K\ + {l-lo) 
' " - 2 - 2 - 2V2 ■ 

We put ^2 — Iq in equation ([8]) and simplify the previous inequality to get 

(Q. 11-^ |to + ^o| + (/~/o) ^ |ro + ^| 

^ ' ' " - 4V2 - 4V2 ■ 

Equations © and © imply that |r;| > |to + ^|/(4\/2) for any / e {0, . . . , j}. 

We claim that |r + /| > c(|r| + for ah r e VFe^o and / G N U {0}. It suffices to 
prove that 

|t|2 +P+ 2\t\1 cos(0o) = |t + > c2(|r| + /)2 
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where 6*0 is the angle enclosed by the vectors ip and I. Since Oo < tt — 9 we deduce 
that cos(0o) > — cos(6'). It suffices to prove 

|t|2 +f- 2\t\Icos{0) > c^drl + 0' ^ (|rp + - c^) > 2|t|;(cos(0) + c^). 

The last inequality can be deduced from = (1 — cos((?))/2 and jr^ + P > 2\t\1. 
The previous properties imply 



(l + |Ti|)fe - (l + |ro + Z|)'= - (|ro|+/ + l)'=- 

We estimate the right hand side to obtain 



j . 1. r:rk 



(=0 

This leads us to 

^|n(^'(p))|< 



(|ro| + l)^^ Jo i\ro\ + l + ty 
A^V^'^D ( 1 



i=0 

and then to 



rol + 1)'^ A:-1(|to| + 1) 



fe-i 



< 



as we intended to prove. □ 

5.2. Defining Fatou coordinates. The construction of Fatou coordinates of ele- 
ments in Diff ipi(C^, 0) is based on building quasiconformal homeomorphisms a in 
regions H G Reg{e, HX, I) conjugating ip and one of its normal forms. The mapping 
(T induces a quasiconformal conjugation between the space of orbits of f\H{x) ^nd 
C* for X G (0, 6)1. This conjugation can be turned into a holomorphic one by using 
the Ahlfors-Bers theorem. As a result, we obtain holomorphic Fatou coordinates. 

Let (f £ Diff tpi(C^, 0). Let T — exp(X) be a 2-convergent normal form. Con- 
sider A = (Ai, . . . , Xq) E A4 and the dynamical splitting Fa in remark 14.111 

Definition 5.4. Let A e S^. We define 

= Ae'[-'''^^''^1 and 4 = max{j G {0, . . . , g} : A G /j (Aj,0)} 

and Ha, A = ^<i^,A,A T^ee def. \4.11^ . 

Given H in Reg{e,^\,\X, I^) we construct Fatou coordinates of ip in H. The 
construction is analogous to the one in [16] where detailed proofs can be found. 

Let L G V{H). Consider a point P = {xo,yo) G H^. Let 7 be the trajectory of 
5R(Ha,a^) passing through P. The subset of Hl enclosed by 7 and exp(A')(7), i.e. 

i?x(P) -^V'f(^o,2/r^(^f(7) + [0,l]) 

satisfies that Bx{P) \ exp(Ar)(7) is a fundamental domain for exp(A)|//^(^Q). 

We want to prove that the set B^{P) enclosed by 7 and </5(7) satisfies that 
Bip[P) \ (^(7) is a fundamental domain for 'P\Hl(xo)- The proof relies on showing 
that there exists a quasi-conformal homeomorphism a defined in a neighborhood 
of Bx{P) in {xo} X B{0,e) conjugating exp(A), ip such that a{Bx{P)) — B^{P). 



a singleton whose element we denote a{h) + ib. The curve 7 is parametrized by 



Step 1. Since ^{'Ra,\X) is transversal to 5R(X) then V'ijIt) n {Im{z) = b} is 
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Im{'tp^). Let £1 : M — > [0, 1] a C°° increasing function such that g{—oo, 1/3] — {0} 
and g[2/3,(X)) = {!}. Wc define 

0-0(2) = 0-0(21 + iz2) = z + q{zi - a{z2)){^^ o (V^f (a;o,j/))^^(z - 1)) 

and 

c^(a;o, = (V'f {x(i,y)r^ oa^oTpf (xo, y). 

Let us prove that (t is a q.c. diffeomorphism from a neighborhood of Bx{P) onto 
a neighborhood of Bip{P) such that a o exp(X) = (p o a and cr{Bx{P)) = B^p{P). 

Clearly a is the identity in a neighborhood of 7 and cr = (yso exp(X)^^(a;o, j/) in a 
neighborhood of exp(X)(7). Thus we obtain a o exp(X) = ip o a in a neighborhood 
of 7. By construction cr is a mapping. 

Step 2. In order to prove that ct is a q.c. diffeomorphism we divide in two 
parts, in one of them 5ft(HA,A^) is "very transversal" to di{X) whereas in the other 
one cr is very close to Id. We will use different estimates in both kind of sets in 
order to analyze the properties of cr. 

Denote H = Ha^a- Consider Sq = {{x,y) e B{0,S) x 5(0, e) : \y\ > rjo\x\}. Next, 
we prove that ip^ is big outside £q — {{x, y) G B{0, 6) x B{0, e) : \y\ > 277o|x|}. By 
prop. 14.41 we obtain 

(10) \^^{x,y)\> ^ 



Ci(2TjQy(£o)\x\H£o) 

for any {x,y) G such that \y\ ~ 277o|a::|. Denote Fj. = r(HX, i-j(.(a;), £q) and 
I(r,) = [hi{x),h2{x)]. Since T,{hj{x)) G {|y| = 277o|a;|} and 

^^iT4h,ix)))~^^iLtx{x))ezR 

for all X G (0, S)I^ and j G {1,2} then we obtain 

(11) |/m(^f (r,(/^,(x))))| > 



2Ci{2'qoy(^^o'>\x\''(£o) 

for all X G (0, (5)/^ and j G {1, 2} by considering a smaller (5 > if necessary. Let 
be the open arc in OjEq contained in H and such that dv^ = {Tx{hi{x)), Tx{h2{x))}. 
Suppose that ^{X) points towards H at i-^(O) without lack of generality. Denote 
Vx the curve 

Tx{-QO, hi{x)] UVxU Tx[h2{x),oo). 

Given {x,y) G Hl \ Sq the point ^jj^{x,y) is to the right of the curve ^'lI^x)- 
Equations ^ and ^ imply that the baU B(0, C2/|a;|''(^''^) does not intersect 
tp^{vx) where C2 = l/{2Ci{2r]QY^^»'^). Thus 5(0, C2/|x|''(^«)) is to the left of 
^pf^{vx)- We deduce that 

\^i{x,y)\>^^^ y{x,y)&HL\£i 

We obtain Wj^^^{x,y) = i for any {x,y) G H'^ such that \ip^{x,y)\ < C2/\x\''^^'>'> . 
Step 3. 

Proposition 5.3. The mapping a is a diffeomorphism between neighborhoods of 
Bx{P) and B^{P) in {xq} x C. 
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Proof. Denote 

/ dRe(h) dRejh) 

Ao = A^o(^f(a:o,y))-'(z-l) and J{h) = i g^l,^-^ 

\ dzi dz2 

We have that {J{(Jo)){z) — Id — g{zi — a{z2)){J'{AQ)){z) is equal to 

i?e(Ao)(z)|f(zi-a(z2)) -i?e(Ao) (^i - a(^2))|f (^2) 
/m(Ao)(z)|f(zi-a(z2)) -/m(Ao)(z)f (zi - a(z2))|f (^2) 

By lemma lOI we have that Aip{0, 0) = 0. By using Cauchy's integral formula 
dAo, . 1 f AoH , 



dz 2m Ji^i^i {w - z) 

we can suppose that \A^{Q)\ < (supjj \dg/dt\)-^ /16 and |9Ao/9z|(-0f (Q)) < 1/16 
for any Q in a neighborhood of Bx (P) in {a;o} x -8(0, e). Let us remark that we could 
need to consider a smaller domain of definition -6(0, 5) x B{0, e) but the domain 
with the good estimates only depend on (p and X (and not on P for example). 

Denote t{z) = Ao(z){da/ dt){z2) ■ Let us estimate t{z). There exist continuous 
functions 9i, . . . ,9r ij^ ^ {0,tt) such that 6j is decreasing on arg A' and Ha, a (A') = 
(e*"! , . . . , e'^'-){X') for any A' G We define 

d' = min min(7r - 6l, (A'), 6', (A')). 

l<j<r, A'e/^ 

We have 9' > 0. The tangent vector to (7) at any point ij^-^ (Q) for Q in 7 belongs 
to R+e'^^'-^'-'^'l We deduce that \da/dt\ < l/tan(6''). The equation ^ implies 
that a{t) is constant in {-C2/\xo\'''^^'>\C2/\xo\''^^°'>). We obtain that r(z) = if 
\z2\ < C2/\xo\'''^^°'>- Suppose now that \z2\ > C2/\xo\'''^^°'> ■ We obtain 

(12) lA (z)\ < < ^1'^"'"^^"°^ < tan(g') 

by considering (5 > small enough. We obtain |r(z)| < (supg |9e/9t|)~^/16. The 
coefficients of the matrix {J'{ao)){z) — /d belong to (—1/8,1/8) for any z in a 
neighborhood of ip-^ {Bx{P))- Since \\{J'{(To)){z) ~ Id\ \ < 1/4 for the spectral norm 
then (To is a diffeomorphism in the neighborhood of tp^ {Bx{P))- We deduce that 
cr is a diffeomorphism in the neighborhood of Bx{P)- □ 



Remark 5.2. Consider Q d ■y . Denote z' — {Q) + l. Lete^^^ he the unit tangent 
'ect 

tp^{(p{Q)). We claim that 



vector to ^/^^f (7) at ^^{Q). The vector (j/((To)(z'))(e*®i) is tangent to tp-^ {(p{'-f)) at 



(^(ao)(z'))(e^'0 e M+e^['''/2^"-»'/2] u R+ie'[-eo,eo] 

where 6q = arctan(l/4). Indeed if IV'l (Q)l < C2/\xq\''^^°'> we have that 0i = tt/2 
and \{J{ao){z')){i) ~ i\ < 1/4 imply {J{ao){z')){i) g R+ie*!-""'""! . Otherwise 
\J{ao)-Id\ = oilxl''^^")) and we obtain {J{ao){z')){e'>') € R+e'ie' /^.^-e' m , Any- 
way 5i(X) is transversal to (^9(7) at Q' for any Q' G '^{l)- 

Step 4. Analogously we can prove 

Proposition 5.4. The mapping a is quasiconformal. 



38 



JAVIER RIB6n 



Proof. We have 



(13) X.o = £zi^) = 



d£a dg{zi-a.(z2)) A^^(~) 



l + ^(,,_a(z2))^W + Ao(z)M£l^ 
and 

dg{zi-a{z2)) dg dQ{zi-a{z2)) dg da 

d^, = Oi^'^ - = -di^'' - 

We obtain 

dap 



dz 



< ^ < — 

~ 1 _ J_ _ vlJ_ 14 



16 2 16 

in the neighborhood of ip-^ {Bx{P))- Therefore a is a 15/13 q.c. mapping in a 

neighborhood of _Bx(^')- D 

Step 5. We prove now that the domain enclosed by 7 and (^(7) is a fundamental 
domain for <f\HL(xo)Vv(HUxo))- 

The vector field is transversal to 95(7) at Q' for any Q' € fij)- Hence 

given Z2 & ^ there exists a unique point 0(22) + iz2 in V'zf (¥'(7)) = 2:2}- 

We define (see Step 1 for the definition of the function a) 

B^{P) = {Qg Hl{xo) : Reii^im G [a(7m(V;f (Q))), c(7m(Vf (Q)))]}. 

Let us prove that B,p{P)\Lp{j) is a fundamental domain for 'P\HL(xo)uip(HLixo))- Step 
3 implies that B^{P) \ (^(7) is a fundamental domain for (p in the neighborhood of 
B^{P) and that orbits of >f\HLixo)Uip(HL(xo)) intersects B^{P) \ (f{-f) at most once. 
It suffices to prove that every orbit of a point Q in Hl{xq) U ip{HL{xo)) intersects 

Let Q G Hl{xo) U ip{Hl{xo)). Denote zi + iz2 = tp^{Q). If zi e [0(2:2), 0(2:2)] 
then Q e B^ (P) and there is nothing to prove. Suppose without lack of generality 
that zi < 0(22). We define 

A^{Qe Hl{xo) : i?e(^f (0)) < a{Im{^^ (Q)))}. 

It suffices to prove that there exists j S N such that Q, . . . ,ip^~^{Q) S A and 
<^{Q) A since then <^{Q) belongs to B^{P). Let us argue by contradiction, 

we suppose that p^{Q) G A for any j G N. Denote iphi'^iQ)) = "^j + 

have |Ay(iy9-'(P))| < 1/16 and then sj_,_^ — s] > 15/16 for any j > 0. Since 

\da/dt\ < 1/ tan(6'') then Re{ip'^) is bounded by above in 

{{xo,y) e A : [//^(V'if )|(xo, y) < M} 

for any M > 0. Therefore we obtain limj^-oo |7m(^^)| (</?■' (Q)) = 00. In particular 
the limit limj_j.oo {Q) exists and is equal to a point Z G SingX. We deduce that 
limj_>.oo ^<p{^{Q)) — 0. We have 



and then 



tan(6l') 



(Sj+i - a(Sj-+i)) - (Sj- - o(Sj-)) > — TZZ7^^ > 1/2 



16 tan(6'') 

for any j S N big enough. This is impossible since '^^{P) € A implies sj — a(s|) < 
for any j e N. 
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Step 6. We denote B^{P) the space of orbits of 'fiHi^ixo)- We construct a 
biholoniorphism from B'^{P) to C*. 

The mapping ^ = e^iriz ^ ^ ^-i diffeomorphism from B^{P) onto C*. 
The mapping ^ depends on the point P. The function tp^ o is a C°° Fatou 
coordinate of (p in B^{P). Equations ^ and ([7]) imply 

(14) l^o(.)| < and |Ao(z)| < ^ |,|^Uk.o) ^ ^'^^o) 

where ifi depends only on X, and iiT' > does not depend on P or xq but 
depends on Ha, a- Consider the notations in Step 3. Let z = z^ + iz^ £ ip-^{Bx{P))- 
If \z2\ < C2/\xo\''^^°'^ we obtain {da/ dt){z2) = 0; the complex dilatation Xao of (Jo 
satisfies 



\x<yo\{z) 



d- 



(ifTn ^ ' 



^ 2(1 + |2|)2 _ 63A1 



l_i_V2i {l + \z\f 
-^16 2 16 



Suppose that \z2\ > C2/\xo\^'^^°\ we have 

2 I^SUPr + J -K7(i_^|2|)2/.(gn) (l+|z|)2 



IX<.olW< 



1 L - V2 1 

16 2 16 

Consider xq G 5(0,(5) and 5 >Q small enough. Since 



1 1 \xq 

< ^^T^ < 



|2 



(1 + |z|)2/''(^^o) - |02p/'^(^^o) - 

the previous calculations and Step 4 lead us to 

lx.olW<niin(^^^^^,l) Vze^f(i?x(P)). 

Since is equal to (tp^)^^ o ctq o ((l/27ri) Inz) then 
Lemma 5.3. 

(1^) "^«"^"(") - ( (l + 2-%'^i|ln.|)^ ' n) 

for any z S e^^^™ o ^f{Bx{P)) = C*. 

There exists a quasi-conformal homeomorphism p : P-'^(C) P^(C) such that 
Xp = x^-i. Since ||xc~i||oo = supj,gc* lx^-i('2^)l ^ 1/14 it is a consequence of 
Ahlfors-Bers theorem. The choice of p is unique if we require the normalizing con- 
ditions /5(0) = 0, p(l) = 1 and p(oo) = oo. By construction po^ is a biholomorphism 
from B;(P) to C*. 

Step 7. Let us construct a holomorphic Fatou coordinate of ip defined in a 
neighborhood of B^piP) in {xq} x i?(0, e). The construction and its properties are 
analogous to those in section 7.2 of |16j. In both cases the key ingredient is the 
equation ([15]). Further details can be found in |16j . 

We define 

^"■^ Try^K, (l + 2-i7r-i|ln|z||)2|z|2 
for r e R+. We have that J(r) < oo for any r e R+. 
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Lemma 5.4. The mapping p is conformal at and at oo. Moreover we have 



M _ ^(0) 

z oz 



< 



j{\z\) and 



dp 



p{z) dz 



< 



dp, X 
d-z^^^ 



where j is a function depending only on (fi, X; it satisfies lini|j,|_>.o jd-z]) = 0. We 
have 



mm|^l=i|p(z)|e-''(^) < \dp/dzm,\dp/dz\{^) < 



max 



\z\ = l 



\p{z)\e 



j(i) 



Since p is conformal at we can define p = p/{dp/dz){0). The q.c. mapping 
p : P^(C) — )■ P^(C) is the unique solution of Xp = X{-i such that p(0) = 0, 
p(oo) = oo and {dp/dz){0) = 1. We define the function 



(16) 



It is a holomorphic Fatou coordinate of ip defined in the neighborhood of -B^ (P) in 
{a;o} X C. The set B^{P) contains a fundamental domain of i^\HL{xo)Uip(HL(xo)) by 
Step 5. Thus wc can extend ipfj l p ^'^ Hl{xo) by using tpfj l p° V' = '^h l p + 1- 
Consider the points Z± G SingX such that Z± = \imQ^HL(xo), /m(vf (Q))->±oo Q- 
By construction we have 

for any {xo,y) in a neighborhood of Bx{P)- We deduce that 

lim IVf oCT-i - KQ) =0. 

The mapping p is conformal at and oo, hence there exist k+,K- e C such that 
Moreover {dp/dz){0) = 1 implies k+ = 0. Since A^(Z+) = A;p(Z_) = we obtain 



lim IV'^lp-^lKQ) = «± 



for any P' e H^{xa). The function (i'fj^L.p - ^^h.l.p') ° (e^""" ° V'h.l.p)"^^) is 
a bounded holomorphic function defined in C* = e^'^*"' o ip"^ ^ p(B^p{P')) and then 
constant. Since its value at z = is we deduce that -0^ l p = "^h l p' ^^"^ 
P,P'€H^{xo). 

Definition 5.5. We denote tjjfi ^ any of the functions tpfj ^ p defined in Hl{xo). 
We denote 'ip'^ = ipfi if the choice of the domain of definition and multi-transversal 
flow is implicit. 

Consider H e it!eg2(e, Ha,a^, ^'a)- We denote V{H) = {L,R}. Consider xq ^ 0. 
Proceeding in an analogous way as above we obtain 

^L-^f =V^p-^f in Hl{xo) ^ Hr{xo). 

Definition 5.6. We denote ipfj — ip^ the function defined in H{xo) and given by 
the formula ip'^ — ip^ in Hl{xo) for L e 'P{H). 

Step 8. We introduce the main results concerning Fatou coordinates. 
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Proposition 5.5. Let ip G DifFtpi (C^, 0). Let T he a 2-convergent normal form. 
Consider A = (Ai,...,Ag) G M and A e Let H e Reg{e,^A^\X,L^) and 
L € V{H). Then the mapping (a;, ■f/'^) is holomorphic in H° and continuous and 
injective in Hj^. 

We constructed holomorphic Fatou coordinates in Hl{x) for any x e [{),5)I^. 
Next, we explain why the dependence of tp^ix, y) on x is continuous. The holomor- 
phic part of the statement is proved in Step 1 1 . 

Consider P = (a;o,?/o) G H^{xo). Given x G [0,5)lj^ in a neighborhood of xq 
we define the continuous section P{x) G Hl{x) such that tp^{P{x)) = tp^iP) and 
P(xq) = P. We consider the trajectory — T{^\^\X, P(x),Tq) and then we define 
the function a{x,Z2) as in Step 1. 

We define 

ao{x, z) = <7o{x,zi + iz2) = (x, z + g{zi - a(x, Z2))(A^ o {x,tlj^y^{x, z - 1))) 
and 

(j{x, y) = [x, Vl o CTo o {x, tpL){x, y)- 
The functions a{x,Z2) and da{x, Z2) / dz2 are continuous. Therefore the complex 
dilatations x<to and depend continuously on {x, z) (see Step 4 and in particular 
equation (|13p ). We deduce that p and p depend continuously on [x, z). By definition 
of V'i (see equation (fT6|) ) we obtain that V'l is continuous in [Jx£vBip{P{x)) for 
some neighborhood V of in [0,5)/^. As a consequence i/'l is continuous in 
yJxevHhix) and then in Hl. 

A proof for the next proposition can be found by replicating the proof of the 
analogous result in [16] . 

Proposition 5.6. Let ip G Diff tpi (C^, 0). Let T he a 2-convergent normal form. 
Consider A = G M and A G Let H G i?e5(e, Ha.a-'^, ^a); the 

function -0^ — i/;^ is continuous in H . 

Corollary 5.1. Let Lp G Diff (C^, 0). Let T he a 2-convergent normal form. 
Consider A = (Ai, . . . , A^) G Al and A G Let H e Reg{e, '^a^\X, I^). There 
exists a unique vector field Xfj = X'^{y)d/dy = {e^''^'l'H)*{2TTizd/dz), the so called 
Lavaurs vector field, which is continuous in H , holomorphic in H° and satisfies 
X'^{ipfj) = 1. Moreover Xfj{y) / X{y) — 1 is continuous in H and vanishes at 
HnFix{(p). 

Proposition l5.6l implies all the statements in coroUarv lS.ll except the holomorphic 
character of X"^ (see [T6;). This last property is a consequence of the analogous 
result for Fatou coordinates (prop. I5.5P and it will be proved later on. 

Step 9. We prove that Fatou coordinates are holomorphic if multi-directions 
are constant. 

Consider the notations at the beginning of this section. Let Aq G I^. Then 
5ft(^A,A(Ao)A') is a multi-transversal flow in [0,S)lj^ by remark l473l The multi- 
direction Ha,a(Ao) associated to 3fJ(HA.A(Ao)-'f ) is constant. 

Let H G Reg{e,^A,\X,Ijl) and L G ViH). Let Hxo be the element of the set 
i?eg(e, Ha,a(Ao)X, /a) such that L C Hx„. 

Let xo G (0,(5)Ae*(-^'^''^'^). Consider P G H^^{xo) and 7 = r(HA,A(Ao)A:, P, Tq). 
Let P{x) be the section defined in Step 8. We consider the continuous family 
of curves {jxjxev defined for an open neighborhood V of xq in (0, S)Xe^^^'"'""''^ 
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by 7xo — 7 and ip'^ {'fx) = V'l"(7) for any x ^ V. Since the multi-direction of 
5i(^^A,A(Ao)^) is constant we obtain that jx is contained in Hxg for any x ^ V (by 
considering a smaller V if necessary), indeed we have 

lim |i^f(7.(s))-^f (r(HA,A(Ao)X,P(a;),To)(s))| =0 

uniformly on s G M. This property does not hold true in general if we replace 
^a,a(Ao) with Ha_a since then for instance we could have 

sup iVf (r(HA,AX, P, ro)(s))>f (r(HA,A^, P{x), To)(s))| ^ oo 

sGR 

for any x gV \ {xq}- 

The function a{x,Z2) (see Steps 1 and 8) does not depend on x. The complex 
dilation Xao depends holomorphically on x (see equation (fT3|) ) and then x^-i is 
also holomorphic on x. As a consequence p and p are holomorphic on x. Therefore 
''f^Hxo L holomorphic in a neighborhood of Ux£vB^(P{x)). The set B^[P{x)) 
contains a fundamental domain of </? in H\^^{x). By using ■0^^ ^ o = ?/;^^ l "I" -'^ 
we obtain that ijj^ ^ is holomorphic in [JxevH\g{x). Thus i/;^ ^ is holomorphic 
in r . 

Ao,-^^ Ao 

Step 10. We prove that i/;^^ ^ can be extended to H by iteration. We deduce 
that Jpfj ^ is holomorphic in H°. Step 11 is dedicating to prove ip'^ ^ = ■0^ ^ in 
H. 

The difficulty is that in general Hx^^ ^ H for any Aq S /a- We could try 
to consider Uxg^j>-H\g,L since 77^ C Uxg^i>-Hxo,L but in general {x,tp^) is not 
injective in ^Xg,zjxH\g^L. We define 

G(a:) = U;,„g,A0f (i/Ao,L(.x)) and G = ii.xe[oj)i>^{{x} x G{x)). 

Consider the continuous functions 9i,. .. ,9^ : — > (0,7r) defined in Step 3. We 
have that 9j{X') is decreasing on argA'. We denote (Ha,a(Ao))* — e^^^o where 

9x„ : ([0, S)I^ X 5(0, e)) \ SmgX ^ (0, vr) 

is a continuous function. The construction of multi-transversal flows implies that 
given P e ([0,J)/a x B{0,e)) \ SingX the function v >-)• 9xei^{P) is decreasing in 
[—va,va]- We define 

r.,Ao =r(HA,A(Ao)X,i^;f(a;),To). 

Let Vi,V2 G i^a,''Ja] with vi < V2 and x e [0,(5)/^. Denote Ai = Ae*"i and 
A2 = Ae™^ . The decreasing character of u ^?Ae»'' (-P) implies that there exist 
t^,t+ e R+ U {00} such that r^,Ai(i) = r^,A2(0 if and only if -t_ < t < t+. 
Moreover if f+ < 00 we obtain that ^-^{Tx.x^it+iOo)) is to the right of i^l^^xm) 
whereas if t_ < 00 then ^^(r^^^Aj (— 00, is to the left of ip-^ iV x m) ■ We deduce 
that ^Xaei^'^L (^x,\o) is a simply connected subset whose boundary is the union 

of the curves x.Xe-^'-'i'^) and V'l (ra;,Ae'"A) (see figure ^). Therefore G[x) is a 
simply connected open set in C. Suppose that 5ft(X) points towards the interior of 
i?(0) at L|j^(0) without lack of generality. Then the curve 

(17) V-f (r,,Ae— A [0, ^)) u V-f (r,,Ae-A (-00, 0]) 

is in the boundary of G{x). If e i?e(7i(e, Ha.a-''^, -^a) or a; = there are no 
other points in the boundary. Otherwise let R be the element in V{H) \ {L}. The 
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Figure 6. Picture of G{x) in the coordinate ■0^ 



boundary of G{x) is the union of the curve (|17p and a curve, passing through the 
point i/'l (^ijf (a;)), whose description is analogous (see figure dH)). 
Since G{x) is simply connected for any x e [0, S)lj^ we have that 

(a;,V'f)-^:G^ 5(0,5) X 5(0,6) 

is a well-defined continuous function. It is holomorphic if we restrict the parameter 
X to {0,S)Xe'^-'"^''"'\ Consider the lift ip oi (p to G and = o (a;, V'f )~^. The 
diffeoniorphism if is of the form 



We define 



{x, z) ^ {x,z + I + A^{x, z)). 



Since is a compact set the proof of prop. 15.21 implies 



(18) 



\A^{x,z)\ < 



K 



V(x, z) £ G^ 



(l + |z|)2 

More precisely, there are two main ingredients in the proof of prop. 15. 2[ namely we 
use that dHx^^ n dB is the union of a finite number of asymptotically continuous 
sections for any basic set B and prop. 14.31 The proof can be adapted since the 



asymptotically continuous sections depend continuously on Ao € and prop. 14.31 
is still valid. 

Fix xo = roXo with tq G [0, 6) and Aq € Suppose ^V{H) = 1 or xo = 0. Then 
we obtain G^{xo) = G(xo) and 



(19) 



lim 



A^ixQ, z) = 0. 



Suppose iViH) = 2 and xq ^ 0. Let R be the element in P{H) \ {L}. We can 
define G^ in an analogous way as G^ We obtain 



|A^o(x,V^,^)-i(x,z')l < 



K 

TT+WW 



V(x, z') e G^ 
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We have o {ip^ {xQ,y)) ^ = z + t for some t G C. Therefore we obtain 
\A^\{xo,z) < K/{1 + \z + t|)2 for any z e G^(xo). This inequahty and (HH) 
imply equation p^ . Consider the set B^{LI^{xq)) as defined in Step 5. It is 
enclosed by r^jo^Ao and ip{Txo,\o)- Analogously consider the set B^^ enclosed by 
r^o^Ai and v3(r^o^Ai)- Denote -B^ = ^x^^iji^i^L (B^^)- % proceeding as in Step 5 
we obtain that the set ip^iB^^ \ (p{Txo.\^)) is a fundamental domain of (p\B'> for 
any Ai G Therefore we can extend ip"^^ ^ by iteration to G for any Ai G 

We deduce that V'^ ^ is defined in i?^ and holomorphic in H° . 

Step 11. In order to complete the proofs of proposition 15.51 and corollary 15 .11 it 
suffices to show {ipHx)\x=xo = {'>1^h^,l)\x=xo for a^o = ?'oAo ^ 0. 

By arguing as in Step 2 (see equation ([Tl]) ') we obtain C4 G M+ such that 



n |/m(^f )| < — = S> )| < 



for any Ai G The constant C4 is independent of Ai and xq. 

Consider P e B^° \ B^. Denote z = (P). We obtain |/m(z)| > C4/|a:or^^''^ 
There exist j G Z and a orbit z, . . . , (^■'(z) contained in i3^n{|/m(z)| > Q/la;]''^^"'} 
such that Vf (<^^(z)) G ip^{B^). We have 

bl-i 

s=0 



if j < and 



for j > 0. Suppose j > without lack of generality. Since is contained in and 
|/m((^^(z))| > C4/|a;|'^(^») the eq. (HH) implies that | A^((^'*(z))| < K\xq\'^''^^'>"> / Gl 
for any < s < j. Thus |A^(i^*(z))| is as small as desired for < s < j by 
considering a smaller (5 > if necessary. By applying lemma 15.21 we obtain 

where C5 G M+ does not depend on z or j. Moreover we deduce 

C 

\Im{^^{S)) - Im{S)\ < Y~q^- 

By definition of l 

lim (V'^ ^ {tf^ (5)) - tf^ (z)) = K± 

for = and some k_ G C. We obtain 

lim {rH,LiQ)~^H,,Lm = ^±- 

QeB^°, /m(i/'f (Q))^±oo 

The function (V'^,L-V'^;,,L)o(e^''"^«-^^''"'^^)"H^) is holomorphic in C* = e2"^(B^o) 
and extends continuously to P^(C). Moreover it takes the value at 0. Therefore 
we obtain tpH l = ''Phx l- The Fatou coordinate V'^l holomorphic in H° . 
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Remark 5.3. Apparently the constructions depend on the choice of the 2-convergent 
normal form T ~ exp(X). Anyway, the polynomial vector fields associated to 
compact-like sets are the same. Then A4 is independent of T and so is Ha, a for all 
Ae M andXe It is easy to see that the dynamical splitting F a is independent 
of the choice of normal form too. Of course the regions in Reg{e, ^a,\X, I^) depend 
on X and then on T. Anyway, the different Fatou coordinates that we obtain in 
slightly different regions can be interpreted as particularizations of the same object 
in an analogous way as described in Steps 10 and 11. 

5.3. Flow-convex sets. This subsection is of technical importance for the results 
presented in subsections 15.4.21 15.6l and l5.7l The language required to study proper- 
ties related to the shape of subregions contained in the first exterior set is introduced 
below. We use those properties in order to analyze or extend Fatou coordinates. 

Definition 5.7. Let us consider a domain D d C such that there exists a home- 
omorphism ct : _D — > D extending to a homeomorphism a : Z) — > D. Let Z be a 
holomorphic vector field defined in the neighborhood of D such that DC] Sing Z — 0. 
We say that (Z, D) is a regular pair. 

Definition 5.8. Let (Z,D) be a regular pair. We say that D is ^(Z)-convex if 
Tp = r{Z,P,D) satisfies that {t e I{P) : Tp{t) e D} is connected for any P e D. 
In other words we have T{Z, P, D) n D — T[Z, P, D) for any P G D. 

Definition 5.9. Let (Z, D) be a regular pair and Q G dD \ SingZ . We say that 
^{Z) is almost transversal to dD at Q if there exists sq S such that either 
exp(sX)((5) ^ D for any s € (0,so) or exp{—sX){Q) ^ D for any s S (0,So). // 
the curve dD is smooth in the neighborhood of Q then transversal implies almost 
transversal. 

The following result is straightforward. 

Lemma 5.5. Let (Z, D) be a regular pair and P Cz D. Suppose that is almost 

transversal to dD at the points in T{Z, P, D){dT{T{Z, P, D))). Then we obtain 
T{T{Z,P,D)) = T{T{Z, P, D)) . In particular D is ^{Z)-convex if ^(Z) is almost 
transversal to dD at Q for any Q Cz D\ SingZ . 

Definition 5.10. Since D \ SingZ is simply connected there exists a holomorphic 
Fatou coordinate ^ of Z defined in a neighborhood of D \ SingZ. We say that is 
a Fatou coordinate of the pair {Z, D). 

Lemma 5.6. Consider a regular pair {Z,D) such that D is ^{Z)-convex. Let ip a 
Fatou coordinate of {Z,D). Consider continuous paths ti,T2 : [0,1] — > D such that 

/m(V'(Ti(s))) = Im{^{T2{s))) Vs € [0, 1] and ri(l) = T2(1). 

Then T2(0) belongs to T{Z,ti(0), D). 

Proof. Consider F = {s G [0,1] : T2{s) e r{Z,Ti{s), D)}. It suffices to prove 
F = [0, 1]. Suppose F ^ [0, 1]. Denote sq = sup{s e [0, 1] : s ^ F}. Since F is 
open and contains the point 1 we deduce that sq < 1, sq F and s Cz F for any 
s G (so, !]• We obtain 

T2{s) G r{Z,Ti{s),D){a{s)) VsG (so, 1] 
where a(s) — ip{T2{s)) — ipiTiis)). Therefore we have 

T2iso)er{Z,Ti{so),D)iaiso)). 



46 



JAVIER RIBON 



As a consequence of definition 15.81 the point T2(so) belongs to T{Z,ti{so), D) and 
then So G F- This is a contradiction. We obtain F = [0, f]. □ 

Proposition 5.7. Consider a regular pair {Z,D) such that D is ^{Z)-convex. Let 
ip a Fatou coordinate of {Z,D) and P D. Then there exists a continuous path 
-fQ : [0, 1] D with 7q(0) = P, jq{1) = Q such that Imiip o jq) : [0, f] ^ R is 
injective for any Q D\ T{Z, P, D). 

Proof. We define the set E of points Q E D satisfying that there exists a continuous 
path 7Q : [0, 1] D with 7q(0) = P, 7q(1) = Q such that /m(V' o jq) : [0, f ] ^ R 
is either an injective or a constant function. A point Q G E belongs to r{Z,P,D) 
if Im{ip o 7q) is a constant function. It suffices to prove that E — D. 

Let Ti,T2 : [0,1] D he continuous paths such that ti(0) — P, ti(1) = r2(0) 
and T2(l) — Q' . We claim that if /m('0ori) is constant and Im{ipoT2) is injective or 
Im{ipoTi) is injective and Im{i/joT2) is constant then Q' belongs to E. For instance 
in the latter case we consider a g (0, 1) near 1 and we define a path r : [0, 1] — I? 
such that t(s) = ti(s) for s G [0, a] and ■(/'(t((1 — s)a + s)) = (1 — s)'(/'(Ti(a)) + sV'(Q') 
for s e [0, 1]. Clearly Im{4> o r) is injective. 

Given Q £ E any point Q' in a neighborhood of Q satisfies either Q' £ r(Z, P, D) 
or we can find paths ri , T2 as in the previous paragraph. As a consequence the set 
E is open in D. Since is connected it suffices to prove that E is closed in D. 

Let Q G EOD. Consider a sequence (5„ — )■ Q of points in EOD. Choose n >> 1. 
We can choose a continuous path 7„ : [0, 1] — 13 with 7„(0) = Q, 7n(l) = Qn 
such that Imiip o 7„) is injective or constant. We can suppose that Im{ip{Qn)) 
does not belong to the closed interval whose ends are Im{ip{P)) and Im{4>{Q))- 
Otherwise the argument in the second paragraph implies Q € E. Without lack of 
generality we can suppose Im{4'{Qn)) > ma,x{Im{tp{P)), Im{ip{Q))). We obtain 
Im{iP{Q)) > Im{ijj{P)). 

Suppose Im{i{}{P)) — Im{tp{Q)). Lemma [5^ implies Q G T{Z,P,D) and then 
Q e E. Now suppose Im{tj){P)) < Im{i}){Q)). There exists P' G 7q„[0, 1] such 
that Im{ip{P')) = Im{ip{Q)). We obtain Q G T{Z,P',D) by lemma EH and then 
Q £ E (see second paragraph). The set E is closed in D as we wanted to prove. □ 

Corollary 5.2. Consider a regular pair (Z,D) such that D is ^(Z)-convex. Let tp 
a Fatou coordinate of {Z, D) and P,Q eD \ SingZ. Then Im{tp{P)) = Im{^{Q)) 
implies that Q G T{Z, P, D). In particular is injective in D \ SingZ . 

Proof. Proposition l5 . 71 implies that ip is injective in D. Denote E = Im{ip){D) and 
E' — Im{Tp){D \ SingZ). We have E' C E. The set E is an open interval. 

Suppose Im{i){P)) G E. There exists P' £ D such that Im{ip{P')) = Im{i>{P)). 
There exists a sequence P„ — > P of points in D. We choose a sequence P^ — P' 
of points in D such that /to(?/'(P,')) = /m(-0(Pn)) for any n G N. Proposition 15.71 
implies 

P„Gr(Z,P;„I3)(a„) VnGN 

where a„ = V'(i'™)-V'CPj- We obtain Pg T{Z,P' ,^){'4>{P)-'4>{P')). Analogously 
Q belongs to T{Z,P',D). We deduce Q = T{Z, P,D){i;{Q) - i^{P)). 

Suppose Im{ip{P)) G E' \ E. Then Im{il){P)) is either the supremum or the 
infimum or Im^tp) at D\ SingZ . Suppose without lack of generality that we are in 
the former case. There exists a continuous path 7 : [0, 1] — >■ P) such that 7[0, 1) C D 
and 7(1) = P. We deduce that lm{^){-f[0,l)) = [Im{ip{P)) - aJmiipiP))) for 
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some a E M+. An analogous property holds true for Q. Therefore there exist 
sequences Pn — > P and Q„ — > Q of points in D such that Im{ip{Pn)) — Ira{ip{Qn)) 
for any n € N. Since Qn € r(Z, P„, £))(■!/; ((5„) - i^{Pn)) for any n e N we obtain 

QGr(z,p,;D)(v(Q)-V(P)). □ 

5.4. Comparing multi-transversal flows. Let tp E Diff jpi (C^, 0) with 2-convergent 
normal form T = exp{X). Consider A, A' E A4 and the dynamical splittings F a 
and Fa' in remark 14.111 Let A, A' E S^. 

Definition 5.11. Let X E Xtpi(C'^,0), A E M and X E E>\ We define H^.^ 
the element in Reg{e,^A,\X, ij^) such that Lj C -ff a j (^^^ '^^f- \4-°^^ - denote 
^ = tp^x , i^ . j^^'^ V'Ja ^ implicit. 

Definition 5.12. Let X E XtpiCC^ K,A' E M and A, A' e We denote 
d^'^' = i/ A 7^ A'. We denote 

4;^' - min(4, 4) and = n J^,', 

see de/. Denote i?A,A'j = 2 H^, E Reg2{t,^A,\X,L^) and e{H) < S^a.a' 

' ' A, A' 

(see definitions \4.5\ and \4.35\ ). Otherwise we define i?A A' j ~ ^■ 

Remark 5.4. The equation i?A A' j ~ ^ implies H^j E Reg2{e,i^A,\X, Lj^) and 
H^'j ^ ^e(72(e, ^A'.A'AT, /j^')- Moreover, we have 

for some k E 1j/ {2v{£f))'L) and any x E [0, H The equation i?A A' j ^ ^ 

less restrictive, for instance c^a A' ~ ^ implies i?A A' j ^.^V j G '^/{2i>{£q)'L). 

We want to estimate V'Ja a ~ ''/'Ja' a' ■ defined in ■ n -ff;^' j but this set 
is not well suited to work with since for instance it is not necessarily connected. 
We work with the set H^\, j (see def. IS.lSp . It is contained in H^j ^ ^A' j 
and the restrictions of 3fJ(H^ and j^,A") to -^a A' j coincide. Roughly 

speaking the orbit space of ip restricted to H^'^, j{xq) is biholomorphic to the 
subset B{0, K-{xo)) \ B{0, k+{xo)) of C*. The idea is studying the subregions 
of both iJ^ J and H}^, ^ contained in Hjl j n Hj^, j to prove that k_ and k+ are 
exponentially small of the right order. 

Definition 5.13. Let j be the set of basic sets B of F F k' (see def. \3.5\) 

such that e{B) < l{B) < e^x.y and H^ ^ r\B^%. 

A. A' ' 

We have H^,;, ^ H^, ,, in U^^^^^^^j^ ,^^^.,v 6'(r, Aq) for any B' E En^^^'j 
definition. We obtain 

{Hl^)"^^ n B{r, Ao) = (i?^;,,)^^ n B{r, Aq) V(r, Aq) E [0, S) x L^^ VS E En^^^'^j- 
We deduce that i^^A A' j ^ We can permute the roles of A and A' to get 
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Figure 7. Examples: R^^^^+i = 1 and i?^;^' ^ = 2, H^]^, ^ = H^])^, j^ 

Definition 5.14. Let Ex^\, ^ be the set of basic sets B of Fa U Fa' satisfying 
the properties H^l ■ n B ^ ^ and e{B) < e x.x', < Since e{B) < l{B) the 

elements of Ex^\, j are non-terminal exterior sets. 

Analogously as in the previous paragraph we obtain 

n£(r,Ao) - (i?^;,,)^^- n£(r,Ao) V(r,Ao) G [0,6) x 1^% ^ ^^i.j' 

where £ is defined in section O We have jJiJa;^'^, j < 2. Moreover we obtain 

^a:^A,A',j ^ E^A'Xj t^ei^ ^^A,A'.j = Ex\;\ ,y 

Definition 5.15. Let X e Xtpi (^^,0), A,A' eM and A, A' G §^ We define 

HaX,, - mi,)'^^ n (Ug^^„.,v B u u^^^,.,v £)] n{xe [0, ,5)/^;f,} 

A.A'.j A.A',j 

^/-^A A' J ~ define 

HaI',, = [^^A,, n (Ug,^„.,v S u u^,^^.,v £)] n {x e [o, 5)i^^X'^ 

A,A' ,j A,A',j 

/or i?A;A' J- 2 ("see /i^wre (0^/ 

We have H^%^^ C i?^ n Hj^, ^ and 3fi(HA,A^) = mA',X'X) in H^f,^^.. 

Definition 5.16. Let X £ Xtpi (C^ , ) , A,A' e 7W and A, A' G Denote = 
r(HA,A^, (x), To) (see def. \4-.29\ ). Either Tx[0, oo) intersects an element £+ 
of Ex'^\, J for any x G (0, S)I^'')^, or f] £ = for all £ G Ex'^^, and x G 
(0,(5)/aa" the former case we define Ca a'^^ = ''(^+)- Otherwise we define 
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A' j^ = oo. Analogously we define and e^'^/^ by considering Tx{—oo,0] (see 
figure 

Definition 5.17. Let ip G Diff tpi(C^, 0) with 2-convergent normal form exp(X). 
We define V{ip) = Z/{2v{£o)Z). We define 

T^iiv) = {i e Z/{2v{£q)Z) : ^{X) points towards B{0,S) x B(0,e) at Tl^iO)} 
and V^i{ip) = V{ip) \ Vi{ip). 

Definition 5.18. Let (p G Diff tpi(C^, 0) with 2-convergent normal form Gxp(X). 
Let A,A'eM and A, A' G We define 

The values of A and A' in y are implicit. We want to prove that 'tp^ ^ ^ is 
defined in the space of orbits of ip.^x,\' in order to estimate ipj x ~ ^Ja' ^aa' j- 

Proposition 5.8. Let ip G Diff tpi(C^, 0) with 2-convergent normal form exp(X). 
Let A, A' G Al. Consider A, A' G S"'^ and j G T>{ip). Then we have 

(x, e2"^rA,.)(ij^.V _^.) c ({rA} x [i?(0, ^-(r, A)) \ 5(0, ^+(r, A))]) 

where K±{r, A) = e^'^*'-'^-'^'''' ^''^ for some continuous function C± : L^'^, — )■ R^. 
Moreover there exists C G such that ''Pjx y well defined in 

UM)e[o,5)x/^^'f,(^^} [i?(0,«_(r,A))\S(0,Ai+(r,A))]) 

and holomorphic outside x — where K±(r, A) = e^*-'^*^'''''''''"-'/'''' '^'^ . 

Let us remark that in the previous proposition k+ = k+ = if e^'^/^ = cxi and 

■ c A,A',- 
K- = K- = oo it Sj^j^/j — OO. 

The subsections 15 .4.21 and 15 .4. 1] are intended to prove proposition l5.8l in the cases 
-^A A' J — 1 ^^"^ -^A A' J = 2 respectively. The subsection 15.4.21 is though a little 
more ambitious since it introduces the setup that will be used in subsections 15.61 
andO 

5.4.1. Proof of proposition in the case R'jy\, j = 2. The exterior sets f_ and 
£+ (see def. I5.16P are different if e^'^/~ 7^ 00 and e^'^,'^ 00. Thus the cardinal 
of the set Ex'^\, j coincides with the cardinal of {e^' a''7' ^A A' j } \ {^}- 

Denote ip = V^a r , ^ = ^a,a and = T{ilA,\X,T-^ {x),To). Suppose that 
3i{X) points towards B{0,5) x B{0,e) at T^x{0) without lack of generality. 

Suppose that e^'^;^ 7^ 00. We have 

£p=£+ = {{x,t) G B{0,S) xC:7j+>\t\> p+\x\}. 

We define 

£'+ = {(x, t) G 5(0, 5) X C : 77+ > |i| > (2 - l/4)p+|x|}. 
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The construction of multi-transversal flows implies that 5R(HA,A-'f) = 3?(^A',A'-'f) 
in n {x e (0,(5)/^'^,}. Given k e {1,2} we consider the continuous section 
Tk,+ ■ (0, S)I^'^, £+ defined by 

TkAx) = r,[0, oo) n {\t\ = (2 - fc/16)|a;|}. 

We can define ti__ and T2,_ by replacing Tx[0, oo) with rj,(— oo, 0] if e^^i j oo. 




Figure 8. Case R^tC%.] = 2 

We claim that -ff^ ^' i^^^ ^) ^1 {1^1 = (2 ^ fc/16)|a;|} adheres to the point t/j^+(0, Aq) 
when (r. A) -> (0, Ao) for k e {1,2}. Let us study the properties of ti^+ and r2,+ . 
Those of ri^_ and r2,- are analogous. By applying several times prop. 14.21 we 
obtain that ri^+ and T2^+ are asymptotically continuous. The points ri,_|-(0. A) and 
T2,+ (0,A) belong to the same element 73^ of Tr^aoi^s+XpiX)) for any A e I^^, 
(see def. 13. 3p . Consider the tangent section T^^ {x) containing the other point in 
Tj')f(x) n HjIj. Then we can replace j with j' to obtain asymptotically continuous 
sections T{^_(r',A) and T2^(r,A). Corollary 14.11 implies r^_|_(0,A) = Tk^+{0,\) for 
all A e 7^;^' and k e {1,2}. Thus H^[^, .{r,~X) n {\t\ ^ {2 - fc/16)|2:|} adheres to 
the point rfc_+(0, Aq) when (r. A) — > (0, Ao). 
We define 

Tfc,, = T{X,Tk^+ix),Hl'^) for k e {1,2} and x G {0,6)4%. 

The vector field 3fi(X^(Ao)) is transversal to jxg at ti^_|_(0, Aq) and T2.+ (0, Aq). Hence 
^krx tends to rfe^+(0,Ao) when (r, A) — (0, Aq) for all Ao £ and k e {1,2}. 

Hence the trajectories Ti^^ and r2,a; are contained in £'^\£^ and then in i/^ j^^A' j 
for any a; G (0, (5)/^'^,. Given k e {1, 2} wc define 

H-,k{^) = H^:j{x) n {/m(^) e (/™[V^(Tfe,_(a;))],/m[^(Tfe,+ (a;))])} 
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for Ao e {A, A'} and x e (0, 6)1^'^,. We define /m(i/' o Tfc_±) — ±00 if e^'^;"^ = 00. 
The previous discussion imphes -^aIa-j ^ ^j,k = ^j^'k ^ ^aj^^A',] for fc e {1, 2}. 

We want to study the sets Im{tp'^ ^){H^'^, ^ (r, Aq)) for (r, Aq) G [0,5) x A' ■ 
Let i/'aq be a Fatou coordinate of X^(Ao) defined in the neighborhood of ■yxg. Given 
k E {1, 2}, I e {+, — } consider the function Fk^i : (0, S) x — > C defined by 



FkAr, A) = |rr(^')^(rfc,,(r,A)). 

^a!a' by cor. 1321 Moreovci ± k,+ v\^s -^a,A' 



It extends continuously to [0, 5) x 7;^;^, by cor. g^l Moreover Fk,+ i{0} x I^'^,) C EI 



and Fk-{{0} x /^'^') c -H for k e {1, 2}. We also have 

(F2,+ - Fi.+ )(0, Ao) = V^f„(r2,+ (0, Ao)) - <(ti,+ (0, Aq)) e H£+M+ C H 

and (i^i _ - i^2,-)(0,Ao) G H for any Aq £ I^]^,. There exists C e such that 

Jm(F2,+ - Fi,+)(0,Ao) > 2C and /m(Fi,_ - F2,_)(0, Ao) > 2C for any Aq G I^;^',. 

Since 11^% ^{r,Xo) C H^-^{r,Xo) for any (r, Ao) G [0,(5) x and ■0]^;^ - V is 

bounded (prop. 15. 6p we obtain 

T (i^ \(u^->^' ( ^ /^ /m(Fi,_)(0, Ao) - C/2 Jm(fi,+)(0, Ao) + 

y f A,A',j J- A.A^j J 

for all Ao G A' ^ ^ '^)- 

Consider the domain B^{T^j^ (x)) enclosed by and (p(rx). We define 

BliTl^ix))=B^iTl^ix))nH^^,ix) 
for a; £ (0, 5)/^'^,. The function t/jJ^ is then well-defined in 

^M)eM)xz--({''^}><^"''"-[^^(^^' (-))]) 
since B^(T^^ (x)) \ ifiiTx) is a fundamental domain of fin^ .{x}- Moreover we have 

e^-^HBlm^ir, A)) ^ S^e— ( I^F.^^M^) + I^F.^^M X) ^ C/2\ 

\ J* A,A',j J* A,A',j / 

for all A e ^AA' ^ ^ (0,(5). It remains to show that V'Ja A' well-defined 
in {x, e^^''^^'^){H^''^, j). More precisely, given Q — {xo,yo) G -^^a A' j there exist 
Qo e B^{TI^{xq)) and /c > such that Qo, ■ • • , V^iQa) € iJ^j and Q = ^'''(Qo)- K 
suffices to prove that {Qo, ■ ■ ■ , f'^iQo)} is contained in H^, ■ and Qo G ^^i^tx i^o)) 
since then i/jJ^ ^ — ''/'Ja' a' constant along orbits of ip. 

We have \ip'j x ~ V"! < in i?A j some M > by prop. 15.61 Thus we obtain 
IV' ° </5'(Qo) - (V'(Qo) -I- 01 < 2M for any < Z < A:. Since Q G Hl^{xo) and 

lim Ii^{4'{t2,±{x))) — Im{il}{Ti^±{x))) — ±00 

for eA.A'j 7^ 00 we deduce that Qo, ■ ■ ■ , ip'^iQo) e H^^ ^ H^. n H}^,.. 
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5.4.2. Case A' j ~ 1- First we introduce the setup that we use for -R^' A' j ~ ^■ 
Then we discuss the topological properties that allow to adapt the proof for the 
case R^\: j ~ ^ setting. Such properties are key to prove the results in 

subsections 15.61 and 15.71 

Step 1. Let us introduce some definitions. If Ex^\, ^ = we have H\ j = H\, ^ 

and -(/jj^^ = 4''^ y Otherwise we denote £ ^ £+ = £- and e^'^, ^ — a'\^ — ^A A' j 
(see def. 15.16^ . Denote H = Ha, a- We have 

£p ^ £ ^ {{x,t) £ 5(0, (5) X C : > |t| > p\x\}. 

Denote C — Cp. We define 

£' = {{x,t) e 5(0,(5) X C : 77 > |t| > (2 - l/4)p|a;|}. 

We define p" 2p, p'^ ^ {2 - l/A)p, H^;^' = 5^;f, ^. and 

H-:^' = [{Hlif^ n {£' u ^^^..v B)] n {x e [0, 5)1^^^,}. 

A, A' .j 

We have H^X'.j ^ ^jA ^ ^ ^A',r 0™°*^ = F(Ha.a^, ^^^'(a:). To). Let 
X e (0,(5)/^'^,. The boundary of 5j*),^ (x) is composed of a piece of trajectory 
^x[s^ {x), (x)] of Fx and a closed arc arck{x) C = for k G {0,4}. 

The section r^(r. A) = r^(s'j,(r. A)) is asymptotically continuous in [0,3) x /^'^, 
for fc e {0,4} and I £ { — ,+}. Moreover Tq~(0,Ao) and t^{0,Xo) belong to an 
element 7-,Ao of rr_j.oo(H£X/3(Ao)) whereas Tq^(0, Ao) and t/(0, Ao) belong to an 
element 7+,Ao of Tr<_oo(Hf:X^(Ao)) for any Aq G ^a'a" "^^^ functions arco{r,\) 
and arci{r, A) defined in (0, 5) x /a'a' admit a continuous extension to [0, 5) x 
(we are considering the Hausdorff topology for compact sets). The extrema of 
arcfe(0, Aq) are the points Tjr(0, Aq) and r^f (0, Aq). We define 

71a„ = 7+.A0 n (C \ 5(0, p'=)) and 7'!,,^ = 7_,Ao n (C \ 5(0, /)). 

Let H'^'^ (0, Ao) be the connected component of C \ [7:^ U 7*: U arcfe (0,Ao)] 
not containing 0. We denote -0^^ the Fatou coordinate of X^(Ao) defined in the 

neighborhood of H^'^ (0, Ao) such that -0^ (00) — 0. Denote -0 — V-'^a r • 

Step 2. We present the main properties of the sets H'^'^ and 5^"^^ . Our goal 
is showing that the qualitative shape of 5^'^, ^ is as in figure (jH). Suppose that 
3f?(X) points towards 5(0, 5) x 5(0, e) at T^^{0) without lack of generality. 
Lemma 5.7. Let X e Xtpi(€?,0). Consider A, A' e M, A, A' e §^ and j e 
Z/(2i^(£'o)2)- Assume R^\, ■ =^ 1. Then H^ '^ (x) is '^{X) -convex for all k e {0,4} 
and X G [0, 5)1^'^, . 

Proof. If 5a; ^ = or a; = the vector field di{X) is transversal and then almost 
transversal to dHj j, (x) \ SingX. Thus we can suppose 

Ex^X.j 7^ and x ^ by 

lemma [531 Suppose that 5R(Ar) points towards 5(0,(5) x 5(0, e) at T^j^{0) without 
lack of generality. 

The vector field ^{X) is transversal to dH^ f {x) \ ({r+ (a;) , r^T {x)}UTC'^ (x)) for 
k e {0, 4} and x £ (0, S)I^-j:^, . Moreover ^{X) is almost transversal to dH^ f (x) at 
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Figure 9. Case i?^'^', = 1 



the points in TC^ (x) since they are convex. The curve is transversal to the set 
{\t\ = p''\x\} at T^ix) and {x) for k S {0,4} and x G (0,(5)/^'^, since the points 
of TC!^^ xX^^) ^'"'^ convex (lemma 221) • Moreover the curve 'ip{arck{x) \ t^{x)) is 
to the right of ikiTx) in the neighborhood of iIj{t^{x)). Thus a neighborhood of 
ipiT^ix)) in ■tp{Hj'^ (x)) does not contain points to the left of i/j{rx). The point 

i:{exp{sX){T^{x))) is to the left of V(r^) and then exp{sX){T^ {x)) ^ H^,^' i^) 
for any s < in a neighborhood of 0. Therefore 3?(X) is almost transversal to 
dH^f{x) at both T+(x) and r'ix) for all k G {0,4} and x G {0,6)1^]^,. We 
obtain that 5R(X) is almost transversal to dHj'j^ (x) at any of its points. Lemma 
15.51 implies that H^'j^ (x) is 3?(X)-convex for all k G {0,4} and x G {0,6)1^''^,. □ 

The set Hj'^ (x) does not contain pieces of trajectories of Re{X) for all fc G {0, 4} 

and X G (0, 6)1^'^, . Hence the maximum (resp. the minimum) of Im{ip) in H^'^ (x) 
is attained at a unique point Pk,ma.x{x) (resp. Pk,minix)) by corollarv l5.2l Since r^; 
is transversal to di{X) the points Pk.maxi^) and Pk,min{x) belong to {\t\ — p'^\x\}. 

k 

The points in TC^ (x) are convex and then they can not be accessed by trajectories 
of 5R(X) lying outside {|t| < p''\x\}. We deduce that 

(x)nrC^'(x) C {Pfc,min(x),Pfe,„,ax(a;)} Vfc G {0,4} Vx G (0, <5)/^;^', . 

We proceed in an analogous way with 3fi(X^(Ao)) and Hj'^ (0, Ao) for Xq G A" 
There exists a unique point -Pfe,inax(0, Aq) (resp. -Pfc,max(0, Aq)) where is attained 
the maximum (resp. the minimum) of Im{il}^^) in H^'j^ (0, Aq). We obtain 

{/'fc,mi„(0,Ao),Pfc,max(0,Ao)} C 95(0,/). 

Moreover 3fi(X^(Ao)) is transversal to arck{0, Aq) except maybe at Pfc,min(0, Aq) and 
^fc,max(0, Aq). The sections Pfc^min and Pfc,max are asymptotically continuous. Given 



54 



JAVIER RIBON 



k € {0,4} and / G {min, max} we define the functions 

FkAr,Xo) = Im{\r\'^''^{PkAr, Ao))) 
for (r, Ao) G (0, S) x . Moreover they extend continuously to [0, 6) x I^'^, (prop. 



by defining 

Ffc,mi„(0, Ao) = /m(V^^„(Pfea„i„(0, Ao))) and Ffc,„,ax(0, Ao) = /m(i^^„ (Pfe,„iax(0, Ao))) 

for fc e {0,4} and Ao G /a:a'- We have 

F4,„iax(0, Ao) > Fo^„,ax(0, Ao) > /m(^^^ (to+ (0, Ao))) > 

for any Ao G -^a a'- ^^'^ l^^t inequality is a consequence of prop. 14.21 Analogously 
we obtain 

F4,„ii„(0, Ao) < Fo,„,i„(0, Ao) < /m(V'^^(ro-(0,Ao))) < 
for any Ao G ^a A' ■ There exists C G M+ such that 

(^4,max — ^0,max)(0, Ao) > 2^ < (Fo^niin " -F4,min)(0, Ao) VAo G /a^A' ' 

We define Ci = 7C/4, C2 = C/4, Cs = C/8 and 

rrA.A'/ < n tj>;^' / \ \ ) T i I \ r- ( -^4,min(0, Ao) + C/c ^4,max(0, Ao) - Cfc \ I 

Hj^k i^: Ao) = H^X (r, Ao) n <^ Im{yj) G — , — f 

\ r f A, A', 3 J ) 

for (r, Ao) G (0, 5) x I^'^, and k G {1, 2, 3}. We have 

-'^A.A'.i - ^j,0 C -'^jM C -^^^,2 C -Hj 3 C iij 4 C i^Aj n -'^A'j- 



Let a; G (0, S)I^'^,. The set H^'^ (x) O dHj '^ (x) is a union of two curves, namely 
a curve 137^ containing T^^{x) a curve njf^ contained in arc^x). 

There exists 6' > such that the angle between 5R(X^(Ao)) and arc4(0, Aq) at Q 
is greater than 9' G M+ for any Ao G ^a'a' ^'^"^ ^^^■^ ^ ^ arc4(0, Ao) such that 

/m(7^^„(g))) G [^^4,mi„(0, Ao) + c/8, ^^4,max(0, Ao) - C/8]. 

Thus the angle between ^(X) and arc^x) at Q is greater than 9' for any a; in 

(0, (5)/aa' and any Q G arc^x) n (nja, U ro^). The angle between di{X) and 
at any point Q G F^^ is bounded by below by a positive constant not depending 
on a; G {0,6)1^'^, or Q. Thus the angle between 3?(X) and U w'^ at any of its 
points is greater than 9" G for any x G (0, 5)Ij^\,. Analogously as in Step 3 of 
subsection 15.21 we can prove that (p{wx) U (p~^(cc7^) is transversal to 5f(A') at any 
of its points for any x G (0, S)I^'^,. 

Step 3. Let x G {0,6)1^'^,. Let B'^{T^j^{x)) be the closure of the bounded 
connected component of the complementary of Wx U (p{wx) U {dHj'^ (x) \ w'^). As 
in subsection 15 . 4 . 1 1 we obtain that given Q G (x) there exist Qo G Bl{Tl^{x)) 

and fc > such that Qo, • ■ • , f'^iQo) G ^j!2^ ^i^^l Q = (p^{Qo). We can proceed as 
in subsection 15.4. II to prove prop. 15.81 
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5.5. Flatness properties of Fatou coordinates. Let (ys e Diff fpi (C^, 0). Let 
T = exp{X) be a 2-convergent normal form. Consider A = (Ai, . . . , Xq) G M and 
the dynamical splitting Fa in remark [4. Ill 

We want to prove that t/'J^ ^ — V'Ja' A' exponentially small and then flat up 
to an additive function of x. We use two ingredients, namely the boundness of 
'4'f \ \ ~ V'uA fsubsection 15. 2p and the study of the shape of H'^^''^^, provided 
by prop. 15.81 Flatness is the key property to prove multi-summability of Fatou 
coordinates of elements of Diff pi (C^, 0). 

Definition 5.19. Let X e §^ and j e V{(p). Denote {0,yo) ^ T'j^{0). We define 

^'j,A,xi^^y) = i'j,A,x(.^'y) - ^j,A,xi^^yo) for ix,y) e -ffij. 

The function ipj a ^ is a Fatou coordinate of f in j such that ipj a Vo) = 0- 
We denote "(pj x ~ ^Ja a if ^ is implicit. 

Let us remark that the Fatou coordinate V'Ja '^^^ extended to a neighborhood 
of ([0, 5)l\) X {j/o} by using the equation o ip = + 1. 
We have the normalizing conditions 

V;j,(x,2/o) ^ and (V^J, - ^ ^ 0. 

The latter one is not a good choice to compare \ and V'Ja' since for example we 
could have iJ''--^^ (H\^^(x))) ^ a;^A'.^"^(i?^;_^-(a;))) for any x G (0,(5)/^;^'- 
In the next proposition we denote e"^/'^' = by convention. 

Proposition 5.9. Let ip G Diff tpi(C^, 0) with 2-convergent normal form exp(X). 
Let A, A' e Consider A, A' S §^ and j e Vlip). Then there exists if e IR+ such 
that 

IV'Ia^a - < - — ^ + - — ^ < e-^/i^i 

for any {x,y) E H^X'.j- 

Proof. The functions x — "0^^ ^ and V'Ja' ~ l bounded by prop. 

EH Thus there exists M e M+ such that < M in 

U(r,A)eM)x/^f,(^^} >^ [i?(0,«_(r,A))\B(0,^+(r,A))]), 
see prop. 15.81 We obtain 

by considering the Laurent series of ipj-^ y . We have 

1 f ^txx'i^^^) M 

for all fc G N and x G (0, <5)/^ A' ■ Analogously we deduce 

a_fe(x) I ^'^xx,{x,z)z^-Hz =^ \ak{x)\ < Mk+(xf 
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for all fc e N and x e (0,(5)/^ a',. We get 



in A' By plugging the values of k_, k+ and k+ in the previous equation 



we obtain 



|V|:,(x,2/)-^j;,,(:r,y)-ao(x)| <M}_^e-™ + M e 

and then 

i'^ ^A,A',j- Denote (0,2/o) = T^x(O) and 60(2;) = 00(2^) - ■4'f^x{x,yo) + -ipJ^yi^'Vo)- 
We have 

in -ff^ A' j- We obtain 

|6o(x)| < 2Af(e-«/l-l°^'^''^' +e-C/l-r^-^'- ) 
for any x E {0,S)I^'^, by evaluating at {x,yo). This property implies 

\i^l,{x,y) - V^];,,(x,y)| < 4M(e'C/l-l^^''"'-^ +e-C/kr^'>') 
for any (x, y) G ^^aa' j- It suffices to consider K e IR+ such that K < C,. □ 

5.6. Extending Fatou coordinates. Let g Diff tpi(C^, 0). Let T = exp(X) be 
a fc-convergent normal form. Consider A, A' G A^. Let A, A' e and j S T^lf). 
The goal of this subsection is extending -(/jJ^ and ^/ij^ ^ — ?AJa' a' t'-' domains 

slightly bigger than H^ - and H^'^, ^, namely i?];^'^ and H'^f^'^' respectively. We 
intend to use such an extension to deduce properties of quasi-analytic type for the 
infinitesimal generator of (p. 

Step 1. Fix 9 S (0,7r/2]. We define the set -ff^'g where can be extended. 

Suppose without lack of generality that ^{X) points towards B(0, 5) x 5(0, e) 
at T^^(O). There exists a unique section T^'^ of Tj^ such that Tj~''(x) is in the 
arc in {x} x dB{0,e) going from T^j^~^{x) to T^j^{x) in counter clockwise sense 
for any x € B{0,5) (see def. 14.291) . Analogously we can define the section 
of contained in the arc going from T^j^ to T^j/^^ in counter clockwise sense. 
The exterior set £0 is of the form {po|a;| < |y| < e}. Given p > 2po we denote 
£S = {P\^\ ^ \y\ ^ «}• We define 

We define Hj'^{xo) as the bounded component of {(a;o, y) G : \y\ > p|a:^o|}\r^'^''^ ^ 
for xo e B{0, 6) and s € {0, +, -}. 

The sets Fq ^ q n Fg ^ _,_ and Fq ^ q n Fg ^ _ are singletons. Indeed we have 

nio n r^;^,+ = and F^^j^g n f^;^,_ = {vl'^U^h.)} 
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Figure 10. Picture of H^'g in the V'l^ coordinate on the right 

for some h_,h^ € M+. Consider Mq > max(/i„, Hence the point T^^^'^- ^{—Mo) 
belongs to H]''^{0) whereas ro'jo(Mo) belongs to -ff|;^(0). We obtain 

rxlo(-^^o) e H'^:-{x) and r^'%(Afo) e H];P_{x) Vx e B{0,6). 

By applying prop. 14.11 to X and —iX we obtain that there exists 6*0 e K+ such 
that 

H^'^^P^ix) U H]'lf"{x) U H'^;l''°ix) C {x} X (0, e)e*[-»«'»«l 

for any X e 5(0, (5). We extend ip^^ to iJ^'^'"' U Hj'l^" U iJ^';!'"' by analytic contin- 
uation. We can apply prop. 14.41 to X and —iX to obtain 



(20) ^TT^riFl < < TT7F1 H'^f° U Hf."" U Hfj"> 

for some Cg > 1. Moreover = 0(y'=('^(^^n)+i)) implies that there exists K2 G M+ 
such that 

(21) \AUx, y)\ < v(x, y) e u » u h;^« 



(l + |V'f,(x,y)|) '^Vo) 



Consider do G such that 



K2 . fsm{9) tan{9) 



(22) —f- < min , 

^ ^ 4 V 2 'IGsupulel 

where p is the function defined in Step 1 of subsection 15.21 Consider M > Mq 
such that Jm(V'f^.(r^;'^.o(-M))) < -d^ and /m(V'f^. (r^'%(Af))) > 4 for any x G 
5(0,5). We define 

r:i,,± = r(-e^T''x,r-^,o(±M),£:^)(i(r^'^^,_ J) 

where 2:(r^',';- e,±) = A-e'^'X, T^;';. ^(iM), f^O n (M+ U {0}) and 

me = m..o[-M, M] u r^^_,_^ u r^^_,_„, pj;^,^^ = r::^_,_^(supi(r:'^^,^ J). 

The vector field 3?(— e^*^X) is transversal to F^' ^ and points towards Hj'^^ at 
Tj+(a;) for any x £ 5(0, (5). Therefore P^'jg _,_ belongs to {\y\ = p|a;|}. Analogously 
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di{~e^^X) is transversal to Tj.'^ _ and points towards -ffj'^ at (x) for any x G 
5(0,(5). Thus P^]lg__ belongs to {|y| = p\x\}. 

Definition 5.20. We define H^'g^xo) as the bounded component of 

{ixo,y)eC^:\y\>p\xo\}\Tl:P^^,, 
for xq € B{0,5). We have Hj'^^^{x) C Hj'g{x) for any choice of p > 2po, 6 G 
(0, tt/2] and x G B{0, S). We denote H'/^Hixo) = Hl^{xo) for xq ^ 0. 
Definition 5.21. We define 

Step 2. The extension of Fatou coordinates is going to be obtained through 
iteration. In order to obtain similar asymptotic behavior as in subsection 15.21 we 
use lemma [5?2] Next result assures that the hypotheses of lemma [5^ are satisfied. 

Lemma 5.8. Let ip £ Difftpi(C^, 0). Let T = exp(X) be a k-convergent normal 
form. Let j £ o-i^d, 9 G (0,7r/2]. Consider p > 2pQ and 6i G [—9,6]. Then 

Hj'g{x) is 3t{e^^^ X)- convex for any x G B{0,S). In particular ip-^,{H j'g{x)) is 

contained in the set ip^.iT^xix)) + Wg^M (see def. 15. 3]) . 

Proof. The result is straightforward if x = 0. Suppose x ^ 0. Suppose without 
lack of generality that j G 'Di{ip) (see def. I5.17p . Denote C = Cq. The vector 
field 3?(e*^iX) is transversal to dHj'^^{x) \ (F^''^. g UTCf,e^^(x)) for any 9i G [-9, 9]. 
Moreover 3?(e*^iX) is almost transversal to dHj'g{x) at the set of convex points 
rC^%^(x) for any^i G [-0,0]. 

The function Im{ip^^) is injective in T^''^ g by construction. Since ^{e'^^'^X) is 
transversal to F^'*^ q[— M, M], F^''^. g ^ and F^''^. g _ at any of their points we deduce 
that Im{'ip^,e~^^^) is injective in F^'^- g for any 0i G {—9, 9). As a consequence given 
01 G {—9,9) the vector field 3fJ(e**^X) is almost transversal to F^'^- g at any point 
in F^'^- g _ \ {P^'jo +' ^xj 9 Moreover in the neighborhood of P^'jg ± the curve 
ipLji^^j'ei^) \ ^x'j e) is to the right of V'LjCr^'j- g). Analogously as in subsection 
I5.4.2l we obtain that ^{e^^^X) is almost transversal to dHj'g{x) at both P^'jg _ and 
-^xje+ f*-"^ ^1 ^ Lemma [5.51 implies that H^'g{x) is 3fi(e*^iX)-convex 

for' any 01 G (-0,0). 

Let us consider the flow 5R(e*^X). The proof for 3fi(e~'^X) is analogous. We can 
proceed as in the previous paragraphs to obtain that 3?(e*^X) is almost transversal 
to dH^-'g{x) at any point outside of F^''^. g _. The analysis of the properties of P^'jg _ 

also implies exp(se*^A')(P^'^g _) ^ Hj'g{x) for any s < in a neighborhood of 0. 

Given Q G H'^'gix) we denote Fq = T {e^^ X , Q , H^^) and (s-,s+) = T{Tq). 
Clearly Fq(s+) G 'dH'r-P{x)\T'< g _, thus ^{e'^^X) is almost transversal to dH'.'^{x) 
at Fq(s+). Analogously if Fq(s_) ^ F^''^ g _ the vector field 9?(e*^X) is almost 
transversal to dHj'g{x) at Fq(s_). Otherwise we obtain Fq(s_) = F^j_q(— M). 

We deduce 

I(Tie^'X,Q,H;p) = [s_ -supI(F^;^_g _),s+] 

and then 

(s_,s+) = {s Gl(F(e^^X,Q,i/^)) : Tie^' X,Q,Hj^)is) G ij;;g^}. 
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Lemma [5751 implies that Hj'g{x) is i?e(e*^X)-convex. 

There exists sq e 1R+ such that exp{se''^^X){Q) e H^'Hix) for all s e (0, sq), 
6*1 G [-6*, 6*] and Q e T^;'^. o[-M, M]. Since the set H'J{x) \s i?e(e*^iX)-convex for 
6*1 e [-6*, 6*] we deduce that the sets 4>L,iH^i,ei^)) and ^-^,((3) + e'[^^'''l(M^ U {0}) 
are disjoint for any Q G F^'^- q[— M, M]. Therefore V'Lj. {Hj'g{x)) is contained in the 
set Vf^. (7;'i^'(a;)) + T/Fe,M (see def. \EM- □ 




Figure 11. Picture of iJ/^? and B\ , in the ^Af. coordinate 

Step 3. In this step we define a subset Hj'g'^" of and sort of a fundamental 

domain B^ .^ of (^|^e,2po such that ^(x) C H]l j{x) for x e (0, (5)/^ and B^ j{x) C 

^AA' j(^) fo^' ^ S (Oi^)-^A A'- Moreover we have H^'g C H^'^''^ for p >> 0. As a 
consequence a Fatou coordinate of (p defined in B^ j can be extended to Hj'g (see 
Step 4). In other words to define a Fatou coordinate of (p in H^'g we can restrict 
ourselves to B^ j. This is a key property in next subsection's results. 

The fundamental domain B^ ^{x) has different properties than B'^{T^^{x)) (see 
Step 3 of subsection 15. 4p . The former one tends to the origin when x — > whereas 
the latter one tends to _B^(T^^(0)). This discrepancy is justified by the methods 
that we use in subsection 15.71 to study the asymptotic developments of Lavaurs 
vector fields. 

More precisely, let exp(Yfc) be a fc-convergent normal form of ip. In subsection 
15.71 we want to find Fatou coordinates i;^ ^ of in iJj'g such that il)"^ ^ ^ satisfies 

where V'Lj.fe is a Fatou coordinate of Yk and limi;_5.oo Cfc oo. We obtain ip'^ x fc ^ 
fundamental domain by using synthesis and solving a d equation. Then we extend 
the result by iteration. If the fundamental domain is i?^ {Tlx (■^) ) then 0{yo(p — y) 
is a 0(1) and such property does not improve by iteration. On the other hand the 
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choice of B^ j turns out to be good since we have 



sup \yoip-y\{x,y') = 0{{yoip-y){x,y)) 
(a;,y')6Bi.,(^) 



in h;;^. 



when X 

Let us exphcit the construction. We define arc^- glxo) — dH^'g{xo)r]{\y\ — pxo}- 
By proposition 14.21 the sections P^'^g^ and P^'jg_ are asymptotically continu- 
ous in B{0,S) \ {0}. Hence the arc arcj'g{r, X) converges in adapted coordinates 
(x,ui) = {x,y/x) to an arc arcj'g{0, Xq) when (r, A) — ^ (0,Ao). The set Hj'g{r,X) 
tends to some set H^'g{0,Xo) in adapted coordinates when (r, A) — > (0,Ao). More 
precisely fl^^'^(0, Aq) is contained in {\w\ > p} and its boundary is contained in 
the union of arcj'g{0, Aq), a trajectory in Tr^oo(~e^*^Xo(Ao)) and a trajectory in 

We denote V'aq Fatou coordinate of Xo{Xo) 



rr^co(-e*'Xo(Ao)) for Aq G 

defined in the neig hborhood of H^j'^giO, Aq) such that ip1° (oo) = 0. We obtain 

in the Hausdorff topology for any Aq G S^. 

We proceed as in subsection 15.4.21 The maximum (resp. the minimum) of the 

function Im{r^'^^°'>ijj-^,) in Hj'g{r,X) is attained at a unique point Pj'g ^^g^^ir^X) 
(resp. -Pj 'e'niin(''' A)) contained in arCj'g{r,X) for any (r, A) e [0,(5) x Consider 
ao,ai e M+ such that qq + 4i[-ai,ai] is contained in {r'''-^°'^ilj^^){H':-l''^l{r,X)) for 
any (r, A)) G [0,^) x S^. We choose p > 2po such that Cq/ p"'^^''^ < min(ao, ai)/2. 
The equation (pOj) implies that i^Lji^j'ei^)) contained in 



-ao 



ao 



_2\x\''(£o) ' 2\x\''(£«) 
for any x S 5(0, S) \ {0}. We have 



-ai 



a-i 



2\x\''(£o)' 2\x\''(^o) 



" (r. A) n TiCo)l'° (r. A) C {/^^.^^^Jr, A), P;;,%(r, A)} V(r, A) G [0, 5) x S^. 

As a consequence there exists 6' G (0, 9] such that the angle between Re{X) and 
arc^'g'''' {x) is greater or equal than 9' at any point in 



U2,6S(o,5)\{o} ( a.rCjj)''°{x) n <j /m('0f^) G 



^(3 + l/2)ai (3 + l/2)ai 



.\y(£o) 



The angle between Re{X) and dH^'g'^" (x) is greater or equal than 6*' 
at any point in 

\x)nlim{tpl)e 



-(3+l/2)ai (3 + l/2)ai 



Va; G B{0,S). 



|2.|i.(£o) ' \x\H£o} 

The previous set is a union of two curves, namely a curve zux containing T^^{x) and 
a curve w'^ contained in {\y\ = 2po|a^|}- The curve Wx is parametrized by Im{i/j-^,). 
Indeed given x G B(0,(5) \ {0} and s G (7/2)ai[-l/|a;|''(^«\ there exists 

a unique d{njx, s) G K such that d{wx, s) + is G V-"/!" (^^a;)- We define 



(^(ti7^)n <^/m(Vf ) G 



-3ai 3ai 



VxgS(0,(5)\{0}. 
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We can use the equation ((22|) and the techniques in Step 3 of subsection 15.21 to 
obtain that w^. is transversal to 3?(X) for any x E B{0, S) \ {0}; moreover we obtain 
d{w^,s) < d{wl,s) for all x € B{0,S) \ {0} and s e [-3ai/|a;|^(^»\ 3ai/|a;|'^(^»)]. 
The curve i^^ji^x) is to the right of ip^,{wx)- We define the curves and zu^ 
contained in Hj'g'^° (x) such that 

3ai 



{\xr(^o)^l){ml) = ao + -*hai,ai], tn^ = ^(tn^) n |/m(^f^)| 



< 



We proceed as in Step 3 of subsection 15.21 to prove that is transversal to ^{X) 
for any x G B{0,d) \ {0} and d{ml,s) < dlvjl,s) for all x G B{0,S) \ {0} and 
s G [-3ai/|a;|''(^"),3ai/|a;|''(^")]. The curve ipL.i'^l) is to the right of (ro^ ) . 

Definition 5.22. We define H^'g'f{x) as the subset of Hj'g'^°{x) such that 

'^L.iH'fe^iix)) = U,g[_„^/|^|,.(£o),ai/|:r|-(£o)](«t^:E,s),d(tn^,s)) +is). 



Definition 5.23. Given I G {1,2,3} we denote the subset of Hj''^'J'^{x) 

such that 

^ ^sel-iai/\x\''(^Q\iai/\x\-(^a)]i[dinjl, s), d{wl, s)) + is). 

Clearly B^ j{x) is contained in H^'g^-^{x). 

Step 4. Next we prove that a Fatou coordinate of (p in B^ j extends by iteration 
to a Fatou coordinate in H'^'l!. 

Lemma 5.9. Let ip G DifFtpi(C^,0). Let T = exp(X) be a k-convergent normal 
form. Letj G V{ip), G (0,7r/2]. Consider x G B{0,S)\{0} and P G H^'^gi^)- Then 
there exists la{P) G Z such that {P, . . . , (p''"{P)} C H'^-gP°{x) and (p''«{P) G ^^^^-(a;). 

Proof. Suppose that j G I?i {(p) without lack of generality. Suppose that {P, . . . ,(p^'^ {P}} 
is contained in H^'gf{x) for some Zi G N U {0}. We have 

h 

1=0 

Thesetip^.iH^fJIix)) is contained in the set V'f, (i;'^^ (x))+W^e,A/ flemma lS^Sj) . Thus 
equations ([21]) , ([22l) and lemma 15.21 imply that there exists a constant G M+ 
independent of P, x and h such that 

(23) \^Pl{^'^+\P)) - ^liP) - ih + 1)1 < 



{i + \mpw 



Suppose that the lemma is false. Then Step 3 implies that there exists I2 G NU {0} 
such that 

{P, . . .,v'HP)} C ff;>'r(^) and |/m(V.f^.(^'^+i(P)))| > a^/\xr^'"\ 
The choice of p implies 

< \Im{ijl{p'-+\P))) Lm,{^l{P))\ < K,. 



2|2;|^(£o) 

We obtain a contradiction. □ 



62 



JAVIER RIBON 



We can extend t/jJ;^ and ^pj^ — y to by defining 
(24) i^l^iP) ^ - h and {i^l^ - ^^l^m = {i^l^ - i^^y W^iP)). 

The lemma 15.91 and property ([23|) imply 



(25) m,iP) ~ <.(P)) - (i^,(^'«(P)) - < + 

Since Re{ilj^.{Q)) > aQ/|x|''(^o) for any Q G -^ijC^) '^e can use equation ((201) to 
obtain B^j(x) C {a;} x S(0, "'"^VCe/aokD- We deduce 

by proposition [221 since i?^ (x) C i?^ Ax) for any a; e (0, ^)/^ . This implies 



lim V^];,(Q) - [Q) = {i^l^ - V.f,)(0, 0). 



as a consequence of equation (j25p . The previous discussion leads us to 

Proposition 5.10. Let Lp £ Difffpi(C'^, 0). Let T be a 2-convergent normal form. 
Consider A = (Ai,...,Ag) £ M, A e j £ T>{(p) and 9 £ (0,7r/2]. Then there 

exists p > 2po such that the function V^J^ ^ — ip^^ is continuous in H^'g'^ and 

holomorphic in the interior of H^^'g '^. Moreover p depends only on X, ip and A. 

Th 
imply 



The definition of i/ij^ — ^Ja' ^-"^ equation ([24)) and proposition 15.91 immediately 



Proposition 5.11. Let p £ Diff tpi(C^, 0) with 2-convergent normal form exp(X). 
Let A,A'£M. Consider A, A' £ , j £ 'D{ip) and 9 £ (0, 7r/2]. Then there exist 
K £ and p > 2po such that 

I^Ia,a - V,^K'.A-^V) < ^ + ^ < e-^/l^l ^"^ 

for any {x,y) £ H'^^'g'^'^ . Moreover p depends only on X, p> and A. 

5.7. Asymptotics of Fatou coordinates. Let p £ Diff tpi(C^, 0). Consider a 
2-convergent normal form T = cxp(Ar). Consider A = (Ai, . . . , A,) £ A4 and the 
dynamical splitting Fa in remark [4. 11 1 Let j £ Z/ {2i'{£o)Z). We use the notations 
in the previous subsection. 

We denote / — y o p) ~ y, \ogp — ufd/dy and X = ufd/dy for some units 
u £ C[[x,y]] and u £ C{x,y}. We obtain ii — u £ (/^). Fix k > max(5, 4t^(£o))- Let 
exp(yfe) be a fc-convergent normal form. It is of the form exjp(ukfd/dy) for some 
unit Uk G C{a;, y}. We choose £k € (0, e] such that Uk does not vanish at any point 
of -8(0, S) X 5(0, e/c)- By construction we have ii — u £ (f^) and u — Uk £ [f^)- We 
obtain u — Uk & (/^)- 

The set iJl^'o'^"" ^ H'j'_f''° U H'j'^I^P'' is contained in H'^;^"" U H'j'l"" U H^J"'. A 
Fatou coordinate -i/'fe of Yk is a solution of the differential equation Ukfdipk/dy — 1. 
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Thus we can obtain a Fatou coordinate t/jk of Yfc in iJj.o'^'"' U H-^^^''" U H-';'l^''° of 
the form V'Lj.fc = V'ij. + h where h € 0(5(0, 6) x 5(0, e^)) is a solution of 

dh 1 1 1 7i — Wfc 

9?; Ukf uf uuk f 
Such a solution exists since u — Uk E [P]- Moreover we can suppose /i(0, 0) = 0. 
Denote '4)k = ■>jjLj,k- 

Denote h = (Q, 5)Ae'(-^/('^''(^"))''^/(4''(^^o))), this subsection we build Fatou 
coordinates tpj^^ of 93 in Uxeix{Hj'g{x) n ifjg'^2(^)) ^'^'^h that 

Let Xj-^ 1^ = Vkfd/dy be the holomorphic vector field such that Xj^ ki^'j \ k) = 
1. The previous equation implies Vk - Uk = 0(/'=-5'"(^t))/('^(^o)+i)). Thus the 
asymptotic development of X'^^f, is log 1^9 up to order jk-5u(£Q)/(v{£o)+^) _ ^he 



flatness properties in subsection 15.51 imply that the difference ^ — X^^ is 



exponentially small (see corollary [O] and def. l5.11l for the definition of X^;^ ). In 
this way we deduce in section |6] that \ogip is an asymptotic development of Xfj^ ■ 
The construction of ipj-^ ^ is based on finding a well-behaved C°° Fatou coordinate 
and then deducing the existence of a holomorphic one by solving a d equation. 

Definition 5.24. We define 

A^,,fc = Vfc ° - (V'fe + e C{x,2/} n (/^) for I e {-i, i}. 

By considering a smaller efe > we can suppose that A^^-ij^ is defined in a 
neighborhood of 5(0, 6) x 5(0, e^). We define the coordinates 

Z — ^k{x,y) . „ek,2po I I Tjek,2po , , Tjek,2po 

f = 1^ 1" ^3.0 U 5^.^ U _ . 

We define [/' = U^eB(o,5)\{o}. seB(o,i/4)exp(sX)(52 ,^ (x)). Analogously as for equa- 
tion (l?T|) there exists e M+ such that 

(26) |A,-.,.| < ^ in - U F-^- U i?-^-. 

By construction we have 1-0^. |(a;, y) > ao/(2|x|'''^^"'') in U' . We obtain 

(27) \A^-^J{x,y) < K,\x\'^''<^''>^+'^ V(x, y) G t/'. 
where ii's = K42/ao)'''^^+^^'''^^°^\ 

Definition 5.25. We define the mapping 

f7(e, z) ^{^,z + g{Re{z) - ao\C\)A^-i ^k{t z)) 

where g is the function defined in Step 1 of subsection \5.2[ 

The mapping a is defined in U' . In fact it conjugates the diffeomorphisms f{S,, z) 
and (^, z -I- I). Proceeding as in Step 3 of subsection 15.21 we obtain a constant 
Kq e M+ such that 

dz 



(28) 



Ke. 
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We have 

\z o a{t z)-z\< and 1 1 {J z) - Id\\ < ^^^k(i+iMeo)) 

for any z) G U'. Indeed cr is a C°° diffeomorphism from U' to (7{U'). 

Fix Ao G §^ Consider the sector Ix^ = (Q, J)Aoe*(-^'^/(24i.(£:o)),77r/(24,.(£o))) 
the X coordinate. It corresponds to (X))Ao ''^^''^e*[-^'^/24,77r/24] ^j^^ ^ 

coordinate. We define U'^^ = ^^eix ^'(^)- 
Definition 5.26. We define the functions 

z) = Re{2ai^Xo^^°^) - Im{z) and /i2(?, z) = Re{2ai^XQ^^"'>) + Irn(z) 

in H-^q'^P" U iJj"/'"' U H]'^!^"" . We define the functions n^hioa and r2 = /12 o ct 
in U( . 

The functions ri, T2 satisfy ti o = n and T20 (fi = T2 in U' (1 ip~^{U'). We have 
oil^l < 2cos(7V24)ai|e| < i?e(2aieAo'^''^) < 2ai|^| G h,. 

The set -z) G : ^ G /aq and -z) > < /12(C) -z)} is contained in B^^^- 
and contains U^g/^ ^ (0. The set 

{(e, z) G C/j,„ n Bl^^ : C G Iao and Ti(e, > < T2(C, ^)} 
contains U^g/^ B^j{£^). We define 

C/;^ = {(^,2)GC/;„:ri(^,z)T2(^,z)>l} 

and 

= {{^, z) G n Bl^j : e e /ao and ti(^, z)T2{i, z) > 1}. 
The set B'^ j contains both U^^j^ B^jiO ^ fundamental domain of ^\u'^ ■ We 
denote Ul^_^ the space of orbits of fitj'^ ■ 

5.7.1. The d equation. Our goal is defining a Fatou coordinate V'Jao ^ of in U'^^^. 
We can define ''/'Jao k — '^°'4'k if cr is holomorphic. In general we look for a function 
V such that 

(^vi^, z) = {^,z + Q{Re{z) - ao|^|)A^-i,fe(^, z) + v{^, z)) 

is a holomorphic mapping conjugating (^(^, z) and 2; + 1). The latter condition is 

equivalent to v o (p = v whereas the former condition is equivalent to the equation 
dv = il where = —d{z o a{^, z j) is a (0, 1) form. Since z o a o z) = z o a + 1 
we obtain (p*Cl = CI. The form CI represents an element of H^'^{U^^). It sufiices to 
find a function v defined in Ut such that dv = CI. 
We have 

CI = -A^-i,,(e, z)d{g{Re{z) - ao|^|)). 
Moreover Cl is of the form Cl = A{^, z)dS, + B{£^, z)dz where A, B satisfy 

I Ad: ^ ao-^5SupR|i9g/i9^| JCs supr |9g/9t| , , , 
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Definition 5.27. Since n is defined in [/^^ we define uti = dn e H^''^{U'^^) for 
I G {1,2}. We denote duJi — J2^bd^ ^ ^d. for I G {1,2}. We consider the decom- 
position 



(29) 



2 2 



We define the volume elements 

dVo = {i/2fdz /\d:zAdC /\d( and dV = {i/2fuji A aJi A a;2 A ^2- 
The forms dVo and dV are defined in ?7^^ . The form dV is also defined in If^^ . 

Lemma 5.10. Denote e = k{l + 1/i^{£q)). We have 

• The forms uJi and lu2 compose a base of the cotangent space in every point 
of U[ and Ut ■ 

• There exists Kj > 1 such that 

1 



dVo <dV < KrdVo in 



We have dtui = diU2 ~ 0, d{u!i + 0J2) = and 

|cLl < , \dAd\ < and \d,cid\ < Ks/m 

for some Ks > and any {l,b,d,g) G {1,2}^. 



Proof. Denote p{^, z) — g{Re{z) — ao|C|) and A = A 



i dA 



We have 



dri u(£o) dp 

a^ = «iAo -ae'"^(^) + 2ae^- 

We have A = 0{l/£,'^) by equation ([27|) . We use Cauchy's integral formula as in 
Step 3 of subsection 15.21 to obtain a constant Kg £ R+ such that 



lAI 



dA 



dA 



in U'. Therefore we obtain 



dri 



dz 



1 Kg 



d^A 



d^dz 



d^A 



d^A 



< 



Kg 



(e, 2) < ^^(«o sup \dg/dt\ + 1) V(e, z) e W e {1, 2}. 
^ 141 R 



The proof for T2 is analogous. We also have 



dz 



Kg 



supig 



dT2 

dz 



(C,^)< 



sup |£» 



for any z) G C/j^^. Thus the two first points of the lemma hold true. 

Consider a composition di o ...odi of operators where I < 3 and dt is either d/d^,, 
d/d^, d/dz or d/&z for 6 < 3. Consider an operator d' — db^ o . . . o dh^ where d < I 
and 1 < hi < . . . < bd < I- Let be the number of times that we apply the operators 
d/d£, and d/d'^ in d'. Suppose l'^ > 1. We have that d'{-ao\£,\) = 0{C^i+^)- Since 
{di o ... o di){p) is a polynomial with rational coefficients in g' , and p"^-* and 
functions of the form {db^ o . . . o dbi){—ao\£^\) we deduce that (9/ o ... o di)[p) is 
bounded in J7( . 
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We have that the form duji is equal to 
{ d^p ^ i'dAdp idAdp\- , r f d'^p ^ dAdp\ ^ , 



Since 



dr2 _ dri 



the coefficients c^^ are of the form c[^/{2ai\dT2/dz\)^ where numerator and de- 
nominator are polynomials with complex coefficients in A, dA/d^, dA/dz, their 
complex conjugates and functions of the form {dg o ... o di){p) with g < 2. There is 
no independent term in the A variables for c[j^ and {2ai\dT2/dz\)^ — af . Therefore 
dcl^ is a 0(1/|2:|'^) in the base {d^,d^,dz,dz} and then in the base {oJi,co2,iOi,u}2} 
for any e {1,2}^ □ 

5.7.2. Stein character of the space of orbits. Next step is proving that U^^ is pseudo- 
convex. We define the function 

U2 = U2 + ul + U2+ «2 

where = -ln(/ii/i2 - 1), ul = 51n|^|, ul = -ln(|^|^ - 1/S'^''<'^°'^) and 
= - In ([/TO(ln(eAo^^"^)) + 77r/24] [77r/24 - /m(ln(eAo'^"^))]) . 



Since none of the functions depends on Re{z) then U2 is a C°° function ofa{Ul^ ). 
The function U2 is a good candidate to be a C°° p.s.h. exhaustion of a{U^^). We 
define ui = U20 a. 

Lemma 5.11. The function ui is a p.s.h. C°° exhaustion ofU^ for S > small 

enough. In particular U^^ is a Stein manifold. 

Proof. The function ui is C°° and in order to prove that it is an exhaustion it suffices 
to prove that U2 is an exhaustion of a{U^^). The set a{U^^) is biholomorphic to the 

subset S — (C; e^'^*^)(cr([/j^^)) of since we have to identiiy {^,z) and z + 1). 
The functions In |^| and are bounded by below. The function 2 In |^| + is also 
bounded by below. The functions hi and /12 are smaller than 4ai|^|, we have 

4 + 21n|C| > ln(|e|V(16a?|C|')) = -21n(4ai) 

and then + 2 In |^| is also bounded by below. Since 

U2 = {u°2+'2 In 1^1) + In 1^1 + {ul + 2 In \^\) + ul 

the function U2 extends continuously to 5 by defining {u2)\ds = 00. It suffices to 

prove the compactness of Sk = {{£,,w) G S : U2{£,,w) < K} for any K € 
The set Sk is closed in since (u2)|as = 00. There exists K[ G R such that 
In 1^1 < K[ for any {^,w) G Sk- The set Sk is contained in |^| < e^^. Moreover 
since — 2ai|^| < Im{z) < 2ai|^| in (t{U'\^) then 

1^1 < e-^i and \e^^^'\ < e4^«i«-p(-^i) \/{^,z) e a(C/^J n {u2 < K}. 
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The set Sk is closed and bounded and then compact. Thus tT(?7^^) n {u2 < K} is 
a compact set for any K e 

The remainder of the proof is devoted to show that ui is a p.s.h. funtion in 
U^^. It suffices to prove that u = — ln(rir2 — 1) is strictly p.s.h in since it is 
straightforward to prove that <J is p.s.h. for I £ {1, 2, 3}. We have 

OTl dT2 

and then 

— — — cjf, A oJ; + —ddTi + -^ddT2. 

hi 

We denote dw; = X^bd '^bdPb A for Z e {1,2}. We can express ddu as 

E_ / d'^u , du 2 9u 
"''^"'ld;^+^-d7r + ^"'d;^ 

We define the coefficients Ubi to satisfy ddu = ^1,1 UhiLJi, A tU;. Then we have 

^2, 



drbdn ^ dri dr2 J 

We define now p = T1T2 — I. We can calculate the first derivatives of u to obtain 

du T2 du Ti ^ du du ti — T2 

dri p ' dT2 p dri dr2 p 

and then the second derivatives 

d^U T2^ d^u Tl^ d^u 1 

= —IT , — ^ = and 



dri 2 p2 ' Q^^2 p2 dTidT2 p^ 

We can apply these calculations to show that "fciCbCi is greater or equal than 

(r||CiP+r?|C2p + (CiC2 + CiC2)) _ 2 ^ 1^ ,2. 

p^ P 12- 

where ii's G is the constant in lemma [5. 101 We have 

(T|ICiP+rf|C2p + (CiC2 + CiC2)) . 1 rA2^-l „, ,2 _^ 1^ ,2. 

The right-hand side is equal to 



/9(ti2 +T22) 

and since (tiT2 + l)/(ri^ + T2^) > 2/(ti + T2)^ if T1T2 > 1 then 

(^IIClP+TflC2p + (ClC2+ClC2)) ^ 1 2 2^,, ,2. 
^2 _^ x2 (Kl| +K2I )• 

We remark that n + T2 = 4aii?e(^A^^^''') and |r2 - n] < 4ai|^|, we deduce 



Ml + lM£o)) + l (|^^|2_^|^^|2)^ 
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Since fc(l + l/v{£o)) > 3 we get 
J2uu{^,z)CbCi > - ^ + IC2I') V(^,z) e V(Ci,C2) e 

for S > small enough. The function u is strictly p.s.h. in U^^ . □ 

5.7.3. Estimates for the solution of the d equation. The equation dv — has a 
solution in [/j^^ since U^^ is a Stein manifold. We could define 

"^jM^k = ^Lj,k + g{Re{z) - ao|^|)A^-i_i, + v 

as a Fatou coordinate of (p in [/^^ . Unfortunately such a solution does not necessarily 
satisfy good estimates as the one we will prove later on (see proposition lS. 13p . Thus 
we need a well-behaved solution of the d equation. We will use the following theorem 
due to Hormander (see J3]): 

Theorem 5.1. Let hi be a Stein manifold of dimension n with an hermitian metric. 
Let wi, . . . G f2^''^(W) fee forms such that {wi, . . . ,a;„} is an orthonormal 
base of T*IA at any point. Denote dV = (i/2)"a;i A wi A . . . A a;„ A ZU„ the volume 
element. Denote dujd = ^ J^bi ^ti^b A and dwd = J2bi ^ti^ ^ 1 < d < n. 

Suppose that there exist 60,61 : U M. with |c^,| < > la^l, \9gC^i \ < 61 > \dga^ 



2 

_ _ ^bi\' l^sHil :i 1^1 ^ \"g<^bi\ 

and |i9gC^;| < 61 > \dgafi\ in U for any (5, b, /, d) S {1, . . . , n} . Let (j) : U ~> R be 
a strictly p.s.h. function. Suppose that there exists a continuous 6 : U ^ M+ 
such that 



Y.^biCb(:i>{6 + A{6i + 6,))Y,\(:. 



n 



bl d=l 

in U where ddcj) — 't'bi^b A ZOi and A G is a universal constant depending 
only on the dimension ofU. Consider a d-closed (0, 1) form U, e C°°{IA) such that 

( 6-^\n\\-'''dV <oo. 
J u 

Then there exists a complex function v € C°°{IA) such that dv = fl and 

I \v\^e-'^dV < [ 6-^\nfe''f'dV. 
J u J u 

Proposition 5.12. There exists a solution v : C/^^^ — > C of dv — Q, such that 
[ \v\\\^''^'+"''^'"^^~'\t,t^ - l)dV < ifi3 

for some if 13 G M+. 

Proof. Let us apply theorem 15.11 In our situation we define U — U^^ and 

= ~2{k{l + l/j^{£o)) - 5) In - ln(rir2 - 1). 
The function is p.s.h. in U*^^. We can choose do ^ 61 ^ Xg/l^l'^^i+i/''^^''" by 
lemmainini Denote p = nra - 1. We define 6 = l/{10alpRei^\o^^°^ f). We have 
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Now we use pRe{^\l^^°'^f A{el + Oi) = 0(^4-fe(i+i/,.(fo))) to prove 

^ ,^ , >e + A{el + Oi). 

Next step is proving 

/ e-^\n\^e-'^dV <OD. 
J u* 

Since = —d{g{Re{z) — ao|^|))A^-i ^ and d{g{Re{z) — ao|C|)) is bounded (see 
proof of lemma lS.lOp then we obtain = 0(|^|^^). The integral is smaller or equal 
than 

for e = fc(l + l/i/(£o)) and some positive constant Kiq. We deduce 

/ e-^\n\^e-'>'dV < Kn I -\dVa 
J ui J u' Id 

for some Kn > 0. The area of U[^^{£_) is a 0{£_) when ^ — oo. Thus we have 

/ d-'\n\^e-'f'dV <K,2 f -^{t/2)d^Adl<Ki3 

for some positive constants K12 and K13. We obtain the existence of a function v 
defined in U'^ such that dv — il and J^, |t;|'^e~'^(iF < K13. Hence we obtain 

/ \v\'\^\''-'°inT2-l)dV <K,3 

as intended. □ 
Definition 5.28. We define U = iixeB{o,S)\{o}, seB(o,i/8)exp(sX)(B^ 

ho - (0,5)Aoe^('"/("''(^»»'"/(^'^(^''») and Ux^ ^ U,ei.„U{x). 
We denote Uxg = {(^,2:) € ?7ao : M^^z) > 3 < T2(^,z)}. 

Lemma 5.12. Let L = Q{Re{z) — ao|d)A^-ijj + v. There exists Ki^ € M"*" swc/i 
</ia< \L\ < Xi5|^fc|^-^(i+i/''(^°» ;7ao- 

Proof. The function L is holomorphic in U'^ . It is not defined in general in . 
The next step is estimating the modulus of the function L. We have 



/ 



I |2|^|2e-10 ^ 

\v\ Kl dV < —. 

(7* n{Ti>2}n{r2>2} 



Since \Lf < 2\vf + 2|Ay-i_i.|^ we deduce that 



•J '^;on{ri>2}n{r2>2} 



for some K14 > 0. 
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Let (^0,2^0) G U\g. Consider k E R+ such that aoK < 1/32 and aiK < 1/4. The 
polydisk D^^^zq of center (1^0,20) and poh-radius (k,1/16) is contained in the set 
t^Ao {'^1 > 2} n {t2 > 2}. We have 

16^ r 



So.^o 



This imphes 

for any {£,q,zq) G (7ao- As a consequence L is a 0(^^'^+^) = ©(V'fc^'^) in tj\g. □ 
We define 

It is a holomorphic Fatou coordinate of Lp in We obtain 

Lemma 5.13. Let ip e Diff tpi(C'^, 0). Lei T be a 2-convergent normal form. 
Consider A = (Ai, . . . , A,) e M, A e S\. j G and fc > max(5, 4i^(£o))- T'^en 

i/iere exists Kiq G M+ suc/i f/iaf 

/or an?/ (a;, G {/a- 

5.7.4. Well-behaved Fatou coordinates. 

Proposition 5.13. Let ip G Diff fpi(C^, 0). Let T be a 2-convergent normal form. 
Consider A G A G §\ j G Viip), 9 G (0,7r/2] and fc > max(5, 4z^(£o)). T/ien 
i/iere exists p > 2po such that the function tpj' \ k satisfies 

(30) \^l,^^,-^L,A{^,y)< 



{l + \i^^x,y)\r-^ 

for some Kn G and any {x,y) G Ux'eixiHj'g{x') Ci Hj''gJ.^{x')). Moreover p 
depends only on X , ip and A. 

Proof. Let p be the same constant defined in proposition 15.101 

We claim that Ux (x) contains a neighborhood of j (x) for any x € I\. In fact 
we have 

\Im{zocj)\ < |/m(z)| + 1 = |/m(i/;fc)| + 1 < \Im{i;^^)\ + 2 < ai\^\ + 2 
in B^^j. Since i?e(^A''(^")) > |^| cos(7r/4) in Ix we obtain 

ailel + 2 < 2aii?e(CA''(^»)) - 3 G /a. 



As a consequence B^j{x) is contained in U\{x) for any x E Ix- Therefore tp'j^ ^ is 
defined in UxeixB^ j{x). We can suppose that j G Vi{ip) without lack of generality. 

Given x G B(0,<5)\{0} and P G H.'P{x)r\H'^gP^{x) there exists Zo(^') G NU{0} 
such that {P, . . . , C H'.'^g'^°{x)nH^^yJ^°{x) and ^'"(P) G ,,(a;) by lemma 
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15.91 By defining ipj^ f.{P) — ^pj^ fc (^)) — we extend the function to 
and tlien we obtain (see def. 15.241) 

1=0 

by lemma Em and k > 4i^{£o)- Since A^^k = 0(1/(1 + iV'fJ)'') in iJ^'efi" lemma 
15.21 implies 

- = o{c^'-'^) + o in u.e/. (i?;;(-) n i?;-;,(a:)). 

We have Vf. l/y'^^^^^ by equation Thus Vf. is a ©(l/x'^^^")) = 0(0 in 

We deduce = 0{\ip^^\-^) in i?J;^(a;) n H'-^g/^ix). Hence equation ([201) 
holds true for some Kn e K+ and any (a;, y) e U^-eix (H'j^gix') n H^.^gJ^ix')). □ 



6. MULTI-SUMMABILITY OF THE INFINITESIMAL GENERATOR 

The goal of this section is proving the multi-summable nature (with respect to 
the parameter x) of the Fatou coordinates and Lavaurs vector fields of an element 
(p of Difftpi(C'^, 0). In the latter case we explain how the infinitesimal generator of 
if is summable. 

The subsection is a fast review of the results of summability theory that we 
are going to use. In subsection 16.21 we study the extensions of the Ecalle-Voronin 
invariants 

for j G 'D{(fi), A G J\4 and A € S^. At first sight the definition does not make sense 
since Hjy j H Hj^ ^^-^ = but this problem can be solved by extending slightly the 

domains of definition of V'Ja a ^^'^ ^J+iaa- prove in theorem 16.11 that the 
family {V'Ja >.}{jA,>^)&'D{v)>^MxS^ represents a multi-summable object. The proof is 
based on the estimates provided in prop. 15.91 The summable nature is concentrated 
in the x variable since all our estimates are exponentially small functions of x. We 
study the properties of the Lavaurs vector fields in subsection 16.31 Given j E 'D{ip) 
the Lavaurs vector fields {^Ja A}(A,A)eA^xSi (def. 16.71) represent a multi-summable 

object whose asymptotic development is of the form = (^X^fcLo f Jfc(2^)^'^) ^I^V 
where the coefficients g"^ f. are defined in the petal of order j of (p\x=Q or more 
precisely in ^e&(o,TT/2]H^j'g'^{^)- The proof is based on the estimates of prop. 15.111 
The infinitesimal generator logcp is of the form {J^kLo 9k iv)^'') ^/^y- Then given 
fc e N U {0} it is natural to ask whether the power series g'^ is a i/(£o)-summable 
function whose sums are the functions gjj^ for j £ 'C>{ip). The answer is affirmative 
(theorem 16.61 of subsection 16. 4p . 
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6.1. Multi-summability of formal power series. For the sake of completeness 
we introduce the notations in 8 and |14j . 

We consider V\ the set of open subsets of C* containing a set of the form 
{0,C)Xe'^-<'<'> for some C e M+. 

Let us introduce some sheafs defined in S^. Let A be the sheaf of rings such that 
A\ is the set of holomorphic functions / defined in some W € V\ and admitting 
an asymptotyc development / = X]i>o the origin, i.e. we have 

\f{x) - ^ajx'l < Cb|a;|^ in W for some Cb G M+. 
i=o 

We denote A'~^ the subsheaf of A whose elements / satisfy / = 0. 

Given s G K"*" we define A{^s) the subsheaf of A such that an element / of Ai^s),\ 
defined in some W satisfies 

b-l 
(=0 

for any x G W and some c G independent of b. The sheaf A(s) is the sheaf of 
functions admitting a Gevrey asymptotic expansion of order s. li f — X^t^o ^® 
a formal power series such that \ab\ < c^{b\Y for any & g N and some c € we 
say that / is a formal power series of Gevrey order s. We denote C[[x]]s the set of 
formal power series of Gevrey order s. 

Given fc > we define A-~'' the subsheaf of A'^''^ such that an element / of 
A'^~ defined in some W e Vx satisfies |/(a:)| < Ae"^/!^! for any a; G and 
some A,Bg R+. By convention A-~°° only contains the zero function. 

Definition 6.1. Let i = (ei,...,^,) e (M+)« and k ^ (Ai,...,A,~) e (S^)'. We 

define Ii{X,v) = Ae'f"^"'''^+"1 for A G §\ u e M+ U {0} and 1 < I < g,. We 
say that the pair (e, A) is admissible if 

• We have < ei < . . . < eq 

• J;+i(A,+i,0) C /;(A,,0) for anyl<l<q. 

Definition 6.2. fi^ Let e = {Si,..., eg) £ (M+)« and A ^ {Xi,...,Xg) e (S^)'. 
We set /o(Ao,0) — §^ and e^+i = oo. Assume that (e,A) is admissible. Let 
4> £ C[[a:]] be a formal power series expansion. We will say that <j) is (ei, . . . , e^)- 
summable in the multi- direction A, with sum <j)q, if: 

(i) ^&C[[x]]^, 

(ii) there exists a sequence (^q, . . . , 4>q) where: 

a) 00 G T{^^\A/A-^'^^) and 0o corresponds to by the natural isomor- 
phism 

T{E';AI A^~^') ^ €-[[x\]^, 

b) G T{Ij{\j^ff)]A/ A~^^+'^) (j — 0, . . . ,q), and = (/>j+i modulo 
^<-e.+i^/orj ^0,...,g-l. 

The next proposition (see 01, page 69) is a criterium to identify multi-summable 
functions. 
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Proposition 6.1. Let e = {ei,...,Sq) E and A = {Xi,...,Xq) e (S^)'. We 

set /o(Ao,0) = S"'^ and e^+i = oo. Assume that ei > 1/2 and (e, A) is admissible. 
For CtT & , assume existence of f{z; A) (for every A € S"'^ j, analytic in the sector 
= (0, T)Ae'^~^/^'^/^-' and bounded at the origin, such that for every Xi, A2 with 
/Ai n 7^2 ^ we have: //Ai, A2 € /;(^i:0) /or some I, <l <q, then 

f{z: Ai) - f{z; A2) G ^^-'^'+^ {I^' D I^^). 

Then there exists a (unique) (ei, . . . , eq)-summable power series (f) in A with sum 
fiz;Xq). 

Let e G R''". A power series (f) G C[[a::]] is e-summable if it is e-summable in any 
direction outside of a finite set. A power series G C[[x]] is (ei, . . . , eq)-summable 
if it has at most finitely many singular directions of each level ej, I < I < q (see 
[I]). We will use the following result: 

Lemma 6.1. Let G C[[a;]] and e ~ (ei, . . . , e,) G (R+)'^. Fix Xj G §"'". Suppose 
that there exists a sequence (Ai.„, . . . , Aj_i^„, Aj+i.„, . . . , Ag.„) G (S"'^)'^^"'^ such that 

• Given A„ = (Ai,„, Aj-i,„ , Aj , Aj+i, „,..., Ag^„) the pair (e,A„) is ad- 
missible for any ri G N 

• lim„^oo Afc,„ = Xk for any k < j 

• (j) is e-summable in A„ for any n G N 

for any admissible pair (e, A) with A ~ (Ai, . . . , Xq). Then Xj is a regular direction 
of level Cj . 

Next lemma is of technical type. It will be used to identify the asymptotic 
development of the Lavaurs vector fields associated to an element of DifFtj,i(C^, 0). 

Lemma 6.2. Fix v >2, Xq e S"^, a,n G N, ci,C2 G R+ and 6 G M+ with b > n/a. 
Denote Xk = Aoe^'^*'^/", A^, = Xke-^""^" and 4. = Afce*^-''''') for k G Z/aZ. Consider 
c G such that the function t 1— e"'^^* ^-("+1) increasing in (0, c). Let 
{hklkei/aZ a family of holomorphic functions satisfying 

• hk is holomorphic in (0, c)Ik for any k G Z/aZ. 

• \hk - hk-i\ < cie-'^^^/l^l" in (0, c)A;,e'(~(''-'^/'')^''-^/'') for any k G Z/aZ. 
Suppose that there exists r G such that \hk\ < t in (0, c)/fc for any k G Z/aZ. 
The function hk has al/v Gevrey asymptotic development ^^^hix^ independent 
ofk. Then we obtain 

(31) |/.„|<^+e--/(2^'^) 
z/ c G R^ is small enough. 

Proof. The functions hk share a, 1/v Gevrey asymptotic development since they 
define a section h of {A/ A^-''){S^) and T{S^;A/A'^-'') <C[[x\]i. is an isomor- 
phism. 

Denote 9 = [h — 71/0)12 and cq = min(sin(0), 1/2). By replacing b with h — 6 
we can suppose that hu - hk^i is defined in (0, c)A'j,e*("(''"''/"+'')^''"''/''+'') for any 
k G Z/aZ. 

Let us construct, for j G Jjja'L, holomorphic functions hk defined in (0, c/2)//c, 
defining the same element h G r(§^; ^/^-~'') and whose Gevrey development is 
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easier to estimate. We use the Cauchy- Heine transform (see [T] , chapter 4) to define 
the function 



(32) /i»(x) = -L/ {hk-hk-i)iw){w-x)-'dw. 

2m 



It is defined in (0,c/2)(§i\A'j.e*[-'''^l). Moreover we obtain |w-x|/|u;| > sin(6l) for aU 
w e (0,c)A^ andx e (0, c/2)(Si\A'fee*[-«^«l). Given A € x'^e^^-(b-^/a+e),b-^/a+B) 

can extend h\. to (0, c/2)(§^ \ Ae*'^^^^') by replacing the path of integration [0, c]A'^ 
in equation p2p with the union 7^ of [0,c]A and an arc in 95(0, c) joining cA and 
cA;. We obtain \w - x\/\w\ > cq for aU u; G 7a and x G (0,c/2)(§i \ Ae'I-'^^'^l). 
The function hi is holomorphic in (0, c/2)(-A'j^)e*(-(''-'^/''+'^)^''-'^/''+^). It is muhi- 
valuated and satisfies hl.{x) — h\{e'^'^^x) — {hk — hk-i){x). We define 

k a 

/ifc(a;)-5]/i?(x)+ J2 hlie'^'x) 
1=1 i=fc+i 

in (0, c/2)/fe for k G 'L/a'L. By construction we obtain — /ife-i — hk — h^-i and 

\hk{x)\< :^—c{b-TT/a + e + l) sup (cie-'=^*~"t-i) 
27rco tG(o,c) 

for aU k G Z/aZ and x G (0,c/2)/,t- By simple calculus we can see that if 
g-c2t ^-(n+i) increasing in (0,c) then so is e""^^* As a consequence we 

obtain 

\hk{x)\ < ^ — {b -n/a + 9 + 1)6"=^^^" 
Itt Co 

for all k G Z/aZ and x G (0,c/2)/fe. 

Let ^'^gh^iX^ be the l/i^ Gevrey development associated to the element of 
T{S'^;A/A^-'') defined by the functions hk for k G Z/aZ. We have 

< = ^E r\hk - hk-i){w)w-^^+'Uw 

by the properties of the Cauchy- Heine transform. Since e"'^^* ^-("+1) is increasing 
in (0,c) we deduce < (27r)~'^accie~'^^^ c"'-""''^-'. Let h — h he the function 
defined in _B(0,c/2) such that {h — /i)|(o.c/2)/fc = hk — hk for fc G Z/aZ. We have 

_ ^)(^)| < ^ ^ aci(6-^/a+^^_,,,-. ^ ^^^^ ^^2). 
2co7r 

Cauchy's integral formula implies 

2" f_ , aCl(6-Va + ^?+l)_,^,-.^ , aci 



- ( 2co7r ^ j 2c"7r^ 



A straightforward argument provides the estimate pil) . □ 

6.2. Multi-summability of Fatou coordinates. Let ip G Diff tpi(C^, 0) with 2- 
convergent normal form T — exp(X). Consider A = (Ai,...,Ag) G M and the 
dynamical splitting Fa in remark [4. 11 1 

Let j G 'Ds((f) and A G Our aim is to define 
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We can interpret the set {x, tp'jx){H\ j) as a chart coordinate system in which (p is 
of the form (x, z + 1). The map is then a transition function commuting with 

{x,z + 1). The main problem in order to define ^J^. is that Hj^ j D Hj^ = 0. 
Anyway in next lemma we extend the Fatou coordinates by iteration in order to 
obtain a common domain of definition for both t/^J^ and V'j+i a- 

Remark 6.1. The family {^J'a Aijei'Cv) Z*"" A G Al and A G is an extension of 
the Ecalle-Voronin invariants of (p\j.^Q in I^. 

Lemma 6.3. Let ip G Difftpi(C^,0) with 2-convergent normal form T = exp(X). 
Consider A = (Ai, . . . , A^) G A4, A G S^, j G T)s{(p) and s G {—1, !}• There exists 
M G K.^ such that the function ,^{x, z) commutes with z t-^ z + 1 and is defined 
in [0, S)lj^ X s(R + i(— oo, —AI)). Moreover there exists 

(a: , i m ( 2:) J — >- (xo , — soo J 

for any xo G [0,(5)/^. The function e^^*^ o ^^[x, (\n z) / {2ni)) is holomorphic in 

(0, (5)Ae*(-^*'^'^) X G P^C) : \zY > e^""^'}. The constant M does not depend on 
A, A or i . 

Proof. Consider r^^fc,^ = ^{^K\X,Tl^{x),Tfi) for k G V{ip) and x G [0,(5)/;^. 
Suppose s = 1 without lack of generality. We denote 

Bx,],\{^) = Utg[o,2]Cxp(<X)(r:rj,A) and Bx,]+i,\{x) = Utg[_2,o]exp(iX)(rj;,j+i,A) 
for a: G [0,5)/^. Let Hj^_^^ be the element of the set Reg* {e,i<A^xX, ij^) such that 
T;¥(0) e i/^,+i(0) 9 7;^^+'(0). We define 

Ex.jAx) = 5xj,a(x) U Bxj+i,a(x) U Hf^j+i{x) for x G [0, J)/^. 

Since Exj,\{x) is simply connected for x G [0,(5)/^ we can extend ip-^, to Exj,\. 

There exists AI G such that any trajectory r{X, P, Ex.j,\) for P G Bx,j.\{x), 
X G [0,6)1^ and Im{il)-^,{P)) < ~M intersects Bx,j+i,\{x). More precisely, there 
exists to{P) G R+ such that exp(tX)(P) G Ex,j,\ for any t G [-to{P),0] and 
exp(— to(-P)A')(P) G i?x,i+i,A(a;)- The constant M does not depend on A, A or j. 
We have 

|A.I<(^^^ini^x,.A 

for some Kis G M"'' by proposition 15.21 We have ip^^ o — ip-^^ — 1 — o p^^ . 
Lemma 15.21 implies 



i + \KiP)\ 



for ah orbit {P, ^'"^(-P), • ■ • , V'^'(-P)} contained in Ex,j,x{x) and a; G [0, 5)1^. We 
can use the previous inequality to show that there exists ti (P) G N such that 



^-\P) G Ex^,,x VI < / < ii(P) and p,-'^^P\P) G Pxj+i,a 



for any P G U2.g[o 5)/^^Xj.A(a;) with Im{ijjf;.{P)) < —AI. We consider a greater 



Af G if necessary. Thus we can extend V'f+i a Bx,j,\{x) n {Im{'ip^.) < — AI} 
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for any x G [0,(5)/^. Since we have 

K 



for any P e U^g[o,a)/Ag x,j-a(a^) w ith /m(V'f^(F)) < -M then ^^^ .^ - 
is continuous in U^g[o.(5)/;^-^-y,j,A(a;) n {Irn{ip^,) < — M} and so is the mapping 
ip'j+i \ ~ V'Ja- "^^^ mapping z) commutes with {x,z + 1). Therefore it is 

defined in [0, (5)/^ x (M + i(— oo, —M)) up to consider a greater Af G M'*'. Moreover 
we obtain 

{x,Im{z))^{xa, — oo) ■' ■ j ' , j 

Thus e^'^*^ o^J^(x, (lnz)/(27ri)) is hofomorphic in [0,5)/^ x {\z\ > e^'^^^}. □ 

Next we study the dependence of on A e and A e . We provide the 

estimates implying the muhi-summabihty of the extensions of the Ecalle-Voronin 
invariants. 

Theorem 6.1. Let ip G DiS tpi{C^ ,0) with 2-convergent normal form T = exp(X). 
Consider A, A' e M, A, A' G §\ j G Vs{(p) and s G {-1, 1}. Then 

(33) \^l^Jx,z)-^l^, ,,{x,z)\<K,oe-''/\^\ 

in [0, (5)/a;a' X s(R + i(-oo, -M)) for some K20 G M+. 

Proof. Consider the notations in the proof of lemma 1673] Denote d — d^\,. We 
have 

IV^Ia^a - ^Ia'.vI < e-^/l-l^-^ and - „| < e"^/!-!^-^ 

in H^X'.] ^'^'^ -^A^A'j+i respectively by prop. [Sill 

Given x G [0,(5)/^'^' consider a connected path contained in Bx,j,\{x) such 
that '4''j)^{"fx) is of the form [a{x),a{x) + 1] — isM. Given xq G [0,(5)/^'^, and 
zq G ip'^^x^lxo) we consider the point (xo,yo) e 7j;„ such that V'J^;^(a;o, yo) = ^o- We 
consider the point {xQ,yi) such that V'Ja' (^0, yi) = ^o- Since 

|V;|;,(xo, yi) - i^ly yi)| < 

by proposition 15.91 we obtain \ip'^ ^{xQ,yi) — '0j;^(a;o, yo)| < e~^/l^"l ''^^ There 
exists K[ G K"*" such that x ° {xi''pLj)~^i^^ — z\ < K'l in a, neighborhood of 
U_^gjP ^^^A,A' {x} X ip^,{Bx,j,\{x)) since — -0^^ is bounded. By using Cauchy's 
integral formula we obtain K2 > such that 

d{i>l,oix,,pl)-') 



dz 



- 1 



<K'2 



in a neighborhood of U , A.A'{a;} x ip^ ,{Bxj.\{x)). We can suppose K2 < 1/2 
by considering a greater M G Thus we obtain o (x, '4^Jx)^^)/^^\ ^ 2 in 
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a neighborhood of U , a, a' {a;} x ipf JBx.j.\{x)). We deduce 
l<-(a;o,yi) -<.K,Z/o)| < 2e-^/l-«l''^+\ 

We have 

There exists K!^ e M+ such that |9(V'!f+i.A ° (^^^ "0^, - 1| < -ft^s in a neigh- 
borhood of U A^^^■^'{^} ^ [^f.(Bjfj.A(a;)) n s(M + i(-cx), -M))]. The proof is 

analogous to the one for V'Ja- This property imphes 

Denote i^20 = 2(1 + K!^) + 1. The function (^^^^.a " 4V,A')(2;o, (lnz)/(27ri)) is 

defined in {z e pi(C) : |z|" > e^^*^} and is bounded by above by /Caoe"^/!"^"!'"^' 
in 9i?(0, e^'^'*^^). The modulus maximum principle implies equation (j33]). □ 

Definition 6.3. Let j G 'Ds{ip). Since ^ commutes with (x, z + 1), it is of the 
form 



g 27rislz 



1 = 1 



where d'j^ ^ is continuous in [0, S)Ij^ and holomorphic in (0, S)lj^ for any I > 0. 

The properties of the families {aJ,A,A,i}(A:A)eAixSi and {^j^j^^^}(A^\)eMxS^ are 
analogous. 

Theorem 6.2. Let ip G DifF(pi(C^, 0) with 2-convergent normal form T = exp(X). 
Consider A = (Ai, . . . , Xq) £ A4, j G T^si^) and s G { — 1, !}• Then the function 
'^i A XI *s (ei, . . . , eq)-summahle in the multi- direction A /or ony Z G NU{0}. More- 
over its asymptotic development aj; does not depend on A. In particular a^i is a 
(ei, . . . , eq)-summable power series for any Z G N U {0}. 

Proof. Fix ; G N U {0}. Let A' G and A, A' G Consider the curve defined 
in the proof of theorem 16. II for x G [0,(5)/^'^,. We have 



e'"^'n^;AA(^.^)-c;A' Ax,z))dz 



la^A.A.i -«lA',A',ilW < 

and then 

''-'j.A.A,/ ~ "■j,A',\',l 

We obtain 

(34) alA.A,/-«i,A',A',G-4--'H^A;A')- 



Suppose A' = A. If A, A' G /fc(Afc, 0) for some fc G {0, . . . , g} we obtain d^>k< d^' 



and d^\ > k. We obtain 
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Proposition 16.11 implies that aj^ ^ ^ is (ei, . . . , eq)-summable in A. Denote dj ^ ^ its 
asymptotic development. Property for A, A' e §^ implies aj^ ; = aj^, ; for all 
A,A' G M (see condition (ii) a) in def. 15^ . 

Consider (Ai,...,A^) S (S^)« where A^ ^ (see def. WJO\i . There exist 
Si, S2 G {— 17 1} such that 

(Aie^^i«, . . . , Afe_ie'^^«, Afc, Afe+ie^^^'^, . . . , A^e^^^^^) G X 

for any ^ in a neighborhood of in M+. The singular directions of order Cfc of aj; 
are contained in the finite set for any 1 < A < 9 by lemma 16.11 Therefore 
ajj € C[[x]] is (ei, . . . , eg)-summable. □ 

Definition 6.4. We define CA^) = '''^'^/^i^oy^ J2pe(SingX){x) ^^^i^- P) (^^^ 
def. \4-4^ - The Junction C,ip{x) is holomorphic in the neighborhood of x = 0. It does 
not depend on the choice of X . 

Let us review the normalizing conditions for Fatou coordinates introduced in 
subsection 8.1 of [T5]. By making analytic extension along the arc going from T^x{0) 
to T^j^^^{0) in counter clock wise sense we can define ~ V'l^ • It depends only 

on X and it is holomorphic in a neighborhood of x = 0. By considering Fatou 
coordinates of the form -0^^ = ^/j^. + Cj{x) for convenient holomorphic functions 

ci, . . . , C2u(£a) defined in i3(0, 5) we can obtain ("iAj^i — ^f){x^ y) = C,ip{x) for any 
J G 'D{lp). Let y = 71(2;), y = ^p{x) the irreducible components of Fix{ip). 
There exist continuous functions 

bj : [0, d)I^ C for l<j< 2u{£o) and ^ : [0, 5)ll ^ C for 1 < fc < p, 



holomorphic in (0,(5)/^, such that 



(35) (^Xa.a + bA^) ~ i^f){xnk{x)) = cl^^^^x) 



for ah X e [0,(5)/^, j e V{^) and I < k < p such that (a;, 7^(0;)) e i/;^^. (see pTO]). 
The relevant property is that a function ^ j, does not depend on the choice of 
j e ^{ip). We define 



V']^A,A(2;,y) = ^_^a,a(2^'2/) + ^j(^) - ca,\,i{x) for j e v{ip). 



We obtain (?/>^^ ^ - ipf){x,ji{x)) = for ah x € [0, S)I^ and j G 2?((/3) such that 



Definition 6.5. (section 8.1, prop. 8.1 ^) ^^^e /a™'?/ WIa,a}(j- A_;,)gx)(<^)xA^xSi 
is called a homogeneous privileged (with respect to y — "fi{x)) system of Fatou 
coordinates of ip. We define the extension of the Ecalle-Voronin invariants 

= ^T+l,A,A ° (2;>j^A,a)"^^'^) 

for {j, A, A) e V{ip) X X §1 . We have 



1=1 
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for j G 'Ds{'p) and s S {—1,1}. Since the system ii'f^j^Diip) unique up to 

a holomorphic additive function then so is {V'^a,a}(j a A)ei?(v3)xAixSi' ^'^^^ P''"^' 
cisely, any other homogeneous privileged system of Fatou coordinates of (f is of the 
form, {V-'Ja a + A x)eT>{ip)xMxS^ where c{x) is a holomorphic function defined in 
B{0,6). ' 

Let us remark that given A e and A € we have 

J2 «fc,A,A,0 = M^0)C¥'. 
fc=l 

The analogous result holds true for {V'f a a) • -nr ^^'^ property is preserved 

if we replace V')^ a a "with a a "'^ '^Jo i^) in a a system of Fatou coordinates 
{V'lA,A}jgX)(v)- ^^"'^^ ^■'Ia.a ~ '^jA.x is a function of x for any j e V{ip) tlic 
result follows. This discussion motivates the next choice of normalizing condition 
for multi-summable Fatou coordinates. 

Definition 6.6. We define ipf ji^ x = "^i a a- define 

i-i 

V']^A,A(a=,y) = '4>j,A,xi^^y) - Z!'^fe,A,A,o(^) + U - ^KA^) 

k=l 

for j = 2,. . ., 2i'{£o)- We define the extension of the Ecalle-Voronin invariants 

for j e V{ip). The family {^I^a.aIq- A,A)ei?(.^)xAixSi "^^^^ homogeneous 
{ei, . . . ,eq)-summable system of Fatou coordinates of ip. It is defined up to a 
(ei, . . . , eq)-summable function, i.e. any other homogeneous (ei, . . . , eq)-summable 
system of Fatou coordinates of ip is of the form ^ibf , i +caaI/ . ,^ ^ . ^ ^, 

^ J J ^ J J l-rj,A,A ^^'^J (j,A,A)eI>(¥')xA4xSi 

where ci^^\{x) is a (ei, . . . , eq)-summahle function. 

Remark 6.2. Different choices of 2-convergent normal forms can provide different 
homogeneous {ei, . . . ,eq)-summable systems of Fatou coordinates oftp. 

Remark 6.3. The definition implies 

oc 

^Ia,a = - + C.(^) + E<a.a/^)^"'^'^'' 

1=1 

for j = 1, . . . , 2z/(fo)- The function V'Ja a ~ '^Ja a depends only on x for any 
j G {1, 2}. It is continuous in [0, 5)ljl and holomorphic in (0, 5)1^. Moreover it does 
not depend on j G V((pi) since both systems of Fatou coordinates are homogeneous. 

Theorem 6.3. Let (p G Difftpi(C^,0) with 2-convergent normal form exp(X). Let 
A, A' e M, A, A' e §^ and j G T>{ip). Then there exists K eR^ such that 



l^];A,A-V'lA',A'l(^.y)<e-''/'^' 



A, A' 



for any {x,y) G -f^A^A'j- 



80 



JAVIER RIBON 



Theorem 6.4. Let (p G Diff tpi(C^, 0) with 2-convergent normal form exp{X). Let 
A, A' e M, A, A' e S^, j e V{ip) and 9 G (0,7r/2]. Then there exist K and 
P ^ 2po such that 



for any (x, y) € H^'g'^''^ . Moreover p depends only on X, ip and A. 

Remark 6.4. As in theorem \6.2\ the combinatorics of sectors in the x variable of the 
family {V'Ja A}(A,A)eA^xSi corresponds to a multi-summable function. Lt is justified 
to say that {i^J^ \}(A.X)€MxS^ (ei, ■ • ■ , eq)-summable in the x-variable. It would 
be more rigorous to say that the family {V'Ja a ~ V'Lj }(A,A)eAlxSi 'is multi-summable 
since its elements are bounded. 

Remark 6.5. The previous theorems are deduced from prop. \5.9\ \5.11\ and the 

(ei, . . . , eq)-summability of the power series — X^l—i ^-fc o('^) + ^ ^)(>v^^) f'^''^ '^"■2/ 
J < 2i/(fo)- Thus the lemma [6. 3\ and the theorems \6.1\ and 1 6. 2\ hold true for 
iff A \l, . s , , andja^. , ,|, . , , „, • Then Ecalle-Voronin 

l-'^j,A,AJ A ,)^)gx'(<^)xA1xSi jA^A,fcJ A ;^ j,)gx>(v)x7V1xSixN 

invariants are (ei, . . . , eq)-summable in the x-variable. 

Remark 6.6. Letip G Diff f^i (C^, 0) with convergent normal form e'xjp{X). Suppose 
that Fix{ip) is a curve y — ^{x). The sets of unstable directions U'^ (see subsection 



4-1^ are empty for any I < j < q. Therefore the Fatou coordinates {V'f} 



3 Jjeviv) 



ana 



Ecalle-Voronin invariants {Cf } ■ t,/ '^'^^ analytic. Indeed we have 

oo 

1=1 

where aj, E 0(5(0,(5)) for all j E Vs{(p), s E {-1, 1} and I E N. 

6.3. Multi-summability of Lavaurs vector fields. Let ip E Diff tpi(C^, 0) with 
2-convergent normal form T = cxp{X). Consider A E M, A E S^, j E T^ip). 



Definition 6.7. We define the Lavaurs vector field (see cor. \5.1 

Xf - ' A 



It is defined in HjI J and in H^'g'''^ (see Step 1 of subsection\5^ for any E (0,7r/2]. 
We denote gj^^^^ = l/{d^Jj^ Jdy). 

Theorem 6.5. Let ip E DifF(pi(C^,0) with 2-convergent normal form T = exp(A"). 
Consider j E T>s{ip) and s E { — 1, 1}. There exists a development 



such that 



k=0 

• gjf, is holomorphic in Ueg(o_^/2]ffj'^'g''*'(0) for any G NU {0}. 

• The series J^'kLo asymptotic development of the (ei, . . . , Cq)- 

summable function gj xi-'^'Vo) for all {0,yo) E Ueg(o,,r/2]^j'0''^(O) and 
AeM. 
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Let us remark that the set Ueg(o.7r/2]^^^'e '^(0) does not depend on p or A. It only 
depends on j and e. 

Proof. Let us prove that is (ei, . . . , eq)-sunimablc in the x variable. 

Fix 9 G (0,7r/2]. Denote X = g{x,y)d/dy. Let A, A' e M and A, A' e S^. We 
have 



A, A' 



for any {x, y) G H^'g'^ '^ by theorem 16.41 The definition of Xf^ ^ implies 



03 03 

9i.A.x - r 



J,A,A 

1 1 _ 92ljjA, y/dy - dij^lf^ y^/dy 



Let us consider the function hjj^^\ — 9('0Ja a ~ ''pL -)l^y- satisfies 

By using proposition 15.101 and Cauchy's integral formula we obtain that ghj A,\ 
is a continuous function defined in in Hj'g'^ whose value at (0, 0) is equal to 0. 
Moreover the restriction {ghj^A,\){0,y) to x = does not depend on A or A. Thus 
there exists K[ > 1 such that 

1 < ^ < if ; and ^ < < K[ 

K[- g - ^ K[- g - ' 

in Hj'g'^ and Hj'g'^ respectively. Since 

di^lA',y dJiA^ ^ g(€A',v-V-lA.A)^^f, ^ g(^,V.v-V^lAa) l 
dy dy dtp^_ dy dip^. g 

we deduce analogously that 



dy dy 



- ^ \9\ 



in Hj^'g for some G IR.+ . Therefore we obtain 

i<a.a -<a',a'I < \9mK[re-'</\^\ 

in Hj'g'''^'^ . Notice that Hj'g''^{0) — Hj'g'^'''^ (0). The result is obtained by pro- 
ceeding as in the proof of theorem 16.21 □ 

6.4. Analyzing the infinitesimal generator. Let (p G Diff tpi(C^, 0) with 2- 
convergent normal form T = exp(X). 



Definition 6.8. The infinitesimal generator log ip of if is of the form 

d_ 

dy 



\og^^[ Y.gt{y)x'' J- 



where gl G C[[a;]] for any keNU {0}. 
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Analogously as in th. 16.51 we prove that the family {g'j kljeviip) represents a 
i^(fo)-sunimable function for any k £ NU {0} (th. I6.6|) . We claim that this function 
coincides with g'^. Roughly speaking the Lavaurs vector fields (1/9V'Ja k)^/'^V 
very tangent to iifd/dy by prop. 15.131 The proof is completed by using that the 
functions of the form t/^J^ \ {x,y) — V'Ja ki^^v) (^^P ^'^ additive function of 
x) exponentially small in the x variable (prop. 16.21) . 

Denote f = y o ip — log(/3 = ufd/dy and X = ufd/dy for some units it e 
C[[x,y]], u e C{x,y}. We obtain u-u e (Z^). Fix fc > max(5, 4i/(fo))- Let exp(Ffc) 
be a fc-convergent normal form and B{0, 6) x B{0, Ck) as defined in subsection 15.71 
The vector field Yfe is of the form Ukfd/dy where Uk € C{x, y} is a unit such that 
ii-ue if''). 



Proposition 6.2. Let ip G Diff tpi(C^, 0) with 2-convergent normal form T = 
exp(X). Then is an asymptotic development in Hj'g{0) at x = of gjj^ for all 
j eV{ip), e {0,tt/2] andb£N[J{0}. 

Proof. Denote ly ~ iy{£o)- Fix k > max(5,4z^). Consider A £ We have 

1 1 _{dii;L„k-^Pl^^k)/d^L„k)idi^L,,k/dy) 



di'lxk/dy dtpLj^k/dy 



{d^L„kldy){di^l^Jdy) 



see subsection 15.71 for the definition of ilJLj,k- We denote gj^^ j. = k/^v)- 
We obtain 



Ukf 



O 



f 



{l + \^l{x,y)\r- 



0{f—) 



in [Jxeix{Hj'g{x) n Hj^gJ^{x)) by proposition 15.131 Consider A' G §^ such that 
Ix n Ix' ^ 0. The function ip'j^x,k ~ ''I^J.X'.k defined in Uxei^,nixBl,j{x) (see Step 
3 of subsection [521). We argue as in the proof of prop. l5.9l to obtain K[ e M"*" such 
that 



'K[/\x\- 



in Uxei:,,nijH'J{x) Ci H'^'^gP^{x)). This implies 
(36) 9L.k-9L'.k-o(f 



O 



We have C H':'^^'J^ C 5(0,(5) x e*[-f^^](0, e) for some C, M+ (prop. liH) . 
Lemma and remark |43] imply < C[/\y\'' in C {B{0,6) x e^I-'^'^l (0, e)) 

for some C'l G R"'". Cauchy's integral formula provides 



dip 



X 



dx 



ixo,y) 



1 

2^ 



V'f, jx, y) 



dx 



< 



for any {xo,y) G Sq D {B{0,S) x e'^ ^'^'(0, e)) (see section [3]). Consider points 
(0, y) e H'J n H'.^fjJ^ and a; e B{0, \y\''+^). We have 



IV'f,(a:,y)-<.(0,y)| < C[2poj^ < C[2po\y\. 
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Therefore {x,y) is in the neighborhood of Hj'g D H^''gJ^ if y is in a neighborhood 
of 0. As a consequence the property ([55]) holds true for points {x,y) £ Tq such 
that (0, y) is in a neighborhood of (0, 0) in H'J n H'^-J^ and x G B{0, \y\''+'^). The 
function / is a 0{y''+^) + 0{x) and then a 0(2/"+^) in {(x,y) € : < lyl^'+^j. 

Fix (0,j/o) e iJ^'e^ n ff^"'g'/''2 and the baU B(0,|yor+^)- The equation ^ im- 
phes that the family of functions {sJa fel-^' yo)};jggi ^ common 1/;^ Gevrey 
asymptotic development J2'hLo9jbkiyo)x''- We apply lemma [Ql to the functions 
i9f\.k - '^kf){x,yo) to obtain that gf^ ^(yo) satisfies 



ffI,^fc(2/o)- ^^^(0,2/0) 



Consider A e A^, A e Then V'^a ^ ~ '^j,\.k defined in ^xeixn(o,5)i^^v,]i^)- 
The functions '4>lx,k-^L, and V']^a,a " V'f, are bounded in U^gj^n(o,5)/^-S^_^-(a;) by 
lemma 15.131 and proposition 15.61 respectively. Therefore t/'Ja a ~ V'Ja k '^^ bounded. 
By using [Ira i/'l^) (-8^.^ (2^)) = [— ai/ls^T; ^i/la^l''] and proceeding as in prop. I5.9l we 
obtain that there exist K2 E M+ and a holomorphic function ao{x) £ O{I\r\{0, S)I\) 
such that 

\^PlAA^,y)-^Pl,,,{x,y)^aoix)\<er'<^/\^\"''°' in U,,,,n(o.^« 

The estimate holds true in ^xeiyn(o,s)i}i{Hj'e{^) ^ -^^e/2(^)) since the orbits 
by (fi of points in this set intersect Uj.g7^(-,(Q ^-j/aB^ ^{x) (lemma [53|) and both sides 
are invariant by ip. We obtain 



3j,\,k 



in U,,,^,n(o,.)/l(^f;:.'(2^)ni?;.'^,';2(^))- THs implies 3]^, = g^^.^, in (ij;;,^nff;-;j(0). 
Since (X^fcLo dt^v)^^) ~ ""fc/ ^ if'^~^^) deduce that is an asymptotic develop- 
ment of 5];, in {H'J n i?;,V/2)(0) and then in i?;;,^(0) since ff;;^^ and H'J n i/;^-;2 
coincide in a neighborhood of (0, 0). □ 

Theorem 6.6. Let ip £ Diff tpi (C^, 0) with 2-convergent normal form T — exp(A). 
Then g"^ is a v{Ei))-summahle function whose sum in ^e£{o,Tr/2]Hj'g{0) is equal to 
gj^ for all j e V{ip) and 6 e N U {0}. 

Proof. Denote v = v{£q). Fix 6 e (0,7r/2]. Fix A e A^. Consider A G §^ The 
function {g'^j^i a \ ~ sJa a)(^' Vo) represents a (ei, . . . , eq)-summable function for 
any (0, yo) G Hfe{0)nHjf^ g{0) by th. ES In fact we have 

(<+l.A.A -<Aa)(-'2^) - (ffJ+l^A'^' -<A'a')(-,y) - 0(/e-^'/l^l '^'"") 

in W^f^'^' n H'-'_^[y for all A' G A1 and A, A' G (see proof of theorem [631) . 
We have 

00 

?Ia.a-- = C.(-) + E«Ia.a.(-)^"'^^^'^ 
1=1 
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where X^i^i is a bounded function in {(x, w) G {0, 6)I^x B{0, e 2TrM^|_ 

We deduce th&t'^fj^^^ - z- C^{x) is a 0(e-2"*"^). We obtain 

in H^.'^ nH'.'^^ gnlsImiip^^) < -A/}. Since 6* > we get that there exists co G M+ 
such that \Im{ip^^)\ > Cd\ij^.\ in n -ff^'+i^g n {s/m(V'f^.) < -Af} and then 

in if^';^ n g n {s/m(V'f^.) < -M}. Moreover V-f^ satisfies | > Cq^/IvI" in 
^j'e by equation (j20l) . The previous discussion implies 

5j+i,A,A - sJ^Aa = O (/e" 

in ff;;,^ n H;'_^, , n < -M}. 

We proceed as in proposition 16.21 (using lemma 16. 2p to obtain 

(37) b;,„-.|.)fe).o(/i|l^)+o(.-''v<*i«-.) .o(.-^*) 




in h;-S(0) n H;i,,(0) n {»/m(*f .) < 

The curve {y G Hj'g{0) : ip^,{0,y) £ R} adheres a direction Xj e §^ at y = 
0. We have A^- = Afce^'""' for aU k,k' e Z/{2iyZ). Since Vf^. ~ l/y"^ in 

Indeed it contains sectors of the form (0, e')Aje'[-('^-'')''"'+'''('^-'')''"'-''l for any 
ry e M+. Analogously H^j'g{0) n ^(0) n {slm{il;^,) < -M} contains a sector 

La _ ^„,^y^,.j„ „ 27^^ 2„ J} in which property p7l) holds true. The function 
5j^f, is bounded at the origin in H^'g{0) for j e Z/(2i/Z) since it has an asymptotic 
development (prop. 16. 2p . Therefore prop. 16.11 implies that there exists a unique 
i/-summable function 0f, such that its sum in Hj'g{0) is g^.b for all j € Z/ (2r/Z) and 
9 G (0,7r/2]. Moreover {Aie^, . . . , A2i/e^} is the set of singular directions of (f>b. 
Since asymptotic developments are unique we obtain g'^ = (pb- In particular g'^ is 
a i/-summablc function for any G N U {0}. □ 

Remark 6.7. Let ip £ DifFtpi (C^, 0) and T — exp(g9/9y) a 2-convergent normal 
form of (p. We can describe the asymptotic behavior of the Lavaurs vector fields in 
the neighborhood of Fix{ip) U {x = 0}. 

• The vector field a ~ sJa I '^V coincides with log Lp until the first non- 
zero term in the neighborhood of Fix{p). More precisely, g'j w/ g ~ 1 is a 

continuous function in Hj'g''^ vanishing at Hj'g'^ Fix{p). This result is 
corollary 7.3 in [1^ whose proof is based in prop. 7.3 [16]. Since prop. \5.1C\ 
is the analogue of prop. 7.3 [16] for multi-transversal flows the same result 
holds true. 

• Fixed j G f (95) the family {^Ja A}(A,A)eAlxSi multi-summable in the 
variable x. 
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7. Applications 

In this section we adapt the analytic conjugation theorem in |16j to the multi- 
summable setting. We also express the analytic class of (/s € DifFpi(C^, 0) as a func- 
tion of the analytic classes of the one dimensional germs in the family {^\x=xn}ni£n 
where Xn is a sequence of elements of B{0, S) \ {0} such that lim„_>.oo a;„ ~ 0. 

7.1. Actions of conjugations on Fatou coordinates. Given ip,ri ^ DifFpi(C^, 0), 
we are interested on studying whether the analytic conjugacy of (p^^^^^ and ti^x=x„ 
by an analytic mapping k„ defined in an open set in {xn} x C for a sequence a:„ — ?> 
implies that (p and 77 are analytically conjugated. No continuous dependence with 
respect to the parameter x of the mapping (a:„, y) 1— >■ Kn{y) is required. In this sub- 
section we prove that even if the mappings k„ are unrelated some of their properties 
behave uniformly. 

Definition 7.1. (see [16] j We say that rj is a s-mapping if rj is a biholomorphism 
from B(0,s) onto r]{B(0, s)). If r]{B(0, s)) is contained in B(0,S) then we say that 
r] is a (s,S) -mapping. 

Next we adapt the results in section 10.1 of to the context of slow decaying 
functions (see def. I4.36p . 

Definition 7.2. Let X = x''g{x,y)d/dy £ XfC^^O) with g e C{x,y} and g{0,y) ^ 
0. The radical ideal ^ (g) is generated by an element h € C{x,y}. We define 
N{X) as the order of h{0,y) at y = 0. In fact N{X) is the cardinal of the set 
SingX C\ {x — .tq} for xq 7^ 0. 

Definition 7.3. Let X e XfC^^O). We denote K\(^singX){xo) — Id if N{X) > 1 and 
n\{SingX){xo) = Id- Supposc N{X) = 1. The set SingX has a unique component 
y = j(x) different than x = 0. We denote Ki(^singX){xo) = Id if k{-^{xq)) = 7(a;o) 
and k'(7(xo)) = 1. 

The previous definition implies that k. — y vanishes in {SingX){xQ) and the sum 
of the vanishing multiplicities is greater or equal than 2. 
Next we see that we can control the image of s-mappings. 

Lemma 7.1. Let X e X(C^,0) with N{X) > 1. Let s : B{0,5) \ {0} ^ R+ be a 
slow decaying function and r € (0, 1 /4] . There exists a neighborhood VofOin the x- 
line such that for any xq G 1^\{0} each s{xo)-mapping satisfying K|(SingX)(xo) — Id 
is a {s{xf))T,2s{xQ)T)-mapping. 

Proof. Let 71(0:0) and 72(a;o) be two different points of {SingX){xQ) if N{X) > 1. 
Otherwise we consider 71 (xq) = 72(2^0) € {SingX){x{)). We define 

/ ^ ^ ^((s(a^o) - \li{xa)\)y + li{x(i)) - 1i{xq) 
"'^^^ (s(xo)-|7i(xo)|)(9«/92/)(7i(2:o)) ' 

Then ki is a Schlicht function. Denote v{xo) = (72(a;o) — 7i(a::o))/(s(a;o) — I71 (a;o)|). 
We have ki{v{xq)) — v{xq) / [dn/ dy){"fi{xQ)). Koebe's distortion theorem (see [3], 
page 65) implies \{dnl dy){"fi{xa))\ < (1 -I- |t;(a;o)|)^. We have 

sup \K{y)\ < {s{xq) - \-Ii{xq)\){1 + \v{xQ)\f sup |ki(?/)| -I- |7i(xo)| 

veB(0,s(xo)r) v£B{0,A{xo,r)) 
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where A{xo,t) — {s{xo)t + |7i(xo)|)/(s(a;o) — |7i(a;o)|)- By Koebe's distortion 
theorem we obtain supj^g5(o,A(2:o,T)) l'*i(2/)l < M^o,t)/{1 - A(a;o,T))^ and 

sup |^(y)| < (sixo) - \liixo)m + + l7iK)|. 

Since 



I _|_ l7l(a;o)l 

Urn A(xo,t) - Urn r- 



xo~^0 xo^O I _ hi{^o)\ 

s(xa) 

we get supj^ggj-Q jj-^^-)^) \i^{y)\ ^ 2s(a::o)T for any xq in a neighborhood of 0. □ 

Lemma 7.2. Lei 931,932 G Diff (C^, 0) wzi/i convergent normal forms exp(Xi) 
and cxp(X2) respectively. Suppose Fix{ipi) = Fix{(p2) is a curve y = j{x). Con- 
sider an analytic dijfeomorphism a{x,y) = {x,a2{x,y)) £ Diffp(C^,0) conjugating 
Xi and X2. Let s : B{Q,5)\{Q\ — >■ R"*" he a slow decaying function andr € (0, 1/4]. 
There exists a neighborhood V of in the x-line such that for any xq £ V \ {0} 
each s{xo)-mapping k conjugating {Lpi)\^^^^ and {(p2)\x=xo 0, {s{xq)t, s{xq)t')- 
mapping where t' = '^sup.^^gf^Q g^ \d{y o a)/dy\{x,j{x)). 

Proof. Denote C17 C2 and v the germs of diffeomorphisms induced by {'Pi)\x=xo^ 
{a~^ o {p2 o (T)|a;=j:o and cr'^J^^^ ° n respectively in the neighborhood of 7(xo). The 
mapping v conjugates diffeomorphisms Ci, C2 with common convergent normal form 
exp(Xi)|2.^2,jj. Denote v — i^iSo). The diffeomorphism v is of the form 

u = cta o exp(ilogC2) o o-(Ci,C2) 

where (5'(Ci,C2) is the unique element of Diff (C, 7(xo)) conjugating (i, (2 of the 
form y + 0{{y — j{xo)y^'^), t £ C and a\ is a periodic element of Diff(C, 7(3:0)) 
commuting with (^2 such that v'{'j{xo)) = cr^ (7(3:0)) = A € e^'^"'^. We obtain 
l^^'(7(a;o))| = 1 and then |K'(7(a;o))| = \d{y o a)/dy\{xo,-f{xo)). 
We define 

/ N ^ k((s(xo) - \jixo)\)y + 7(xo)) - 7(0:0) 
'^y' {s{xo)-h{xomd^/dy){^{xoj) ■ 
Then ki is a Schlicht function. By the Koebe's distortion theorem (see page 
65) we get 

d{y o a 



sup |K(y)| < (s-|7|)(a:o) 

yGB(0.,s{xo)r) 



dy 



(xo, 7(0:0)) sup |Ki(y)| + l7(a;o)| 

yeB{0,A{xo,T)) 



where A{xo,t) ~ {s{xo)t + |7(a:o)|)/(s(a:o) — |7(xo)|). By arguing as in lemma mi 
we obtain that k is a (s(a:o)T, s(a:o)T')-mapping. □ 

Now we provide uniform quantitative estimates for s-mapping conjugacies. 

Lemma 7.3. Let (pi,ip2 € Diff 4pi(C^, 0) with common convergent normal form 
exp(X) where X = u{x,y)Yl^=iiy ~ "fjix))"'^d/dy and u e C{x,2/} is a unit. 
Denote v — i^(£o)- Let s : i?(0, 5) \ {0} — Mj^ be a slow decaying function. There 
exists an open set £ V d C such that for any xq € V \ {0} and any s{xo)- 
mapping k conjugating {(pi)\x=xo, {V2)\x=xo 'with K\(singX){xo') = Id then k is of the 
form y + J^{y)llJ^^{y - -fjixo))"-' where suPb(o ,(^^)/4) l-^^l < (8''6)/s''(a:o). 
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Proof. Wc have k = y+{y—ji{xo)) . . . {y—jN{xQ))A{y) for some A e O{B{0, s{xo))) 
by hypothesis. By lemma \77l\ and the modulus maximum principle we obtain 

sup \A\^ sup \^^yt_yl ^< 3.(xo)/4 



BiO,s(xa)/4) yeB{0,s{xo)/i) 

|(y-7i(a;o))...(y-7JvM)| " (Mxo)/4)/2r 
for any xq in a pointed neighborhood of 0. We have that 
Ok , 



n \lj{xo) - lk{xo)V 
^^°> ke{i,...,N}\{j} 



Fix j S {1, . . . , N}. We claim that {y — 7j(a;o))"J divides k — y. We can suppose 
rij > 1. Denote Cij C2 and v the germs of diffeomorphisms induced by {'Pi)\x=x(n 
{^2)\x=xo and K respectively in the neighborhood of jj{xo). The diffeomorphism v 
is of the form 

V = axo exp(i log C2) o o-(Ci , C2) 

where ^^{(lX2) is the unique element of Diff (C, 7j(a;o)) conjugating Ci, C2 of the 
form y + 0{{y — 7^ (xq))"^"''^), ^ € C and a\ is a periodic element of Diff (C, 7j(a;o)) 
commuting with (2 such that u'(7-,(xo)) = cr^ (7^(2:0)) = A e< e^''*/'"^^^) >. We 
obtain A = 1 for N{X) = 1 by hypothesis. We obtain A = 1 for N{X) > 1 and 
xq in a neighborhood of since N >2 implies \imxg^o{dK/dy){'yj{xo)) = 1. Thus 
a\ = Id and then k — y belongs to (y — 7j(a;o))"j . The function J„ belongs to 
0(5(0,5(2:0))). Analogously as for A we obtain sup^^Q ,,(j.^-|/4) |J„| < 8'^6/s'^(a;o) 
for any 7^ 0. □ 

We want to interpret the estimates in lemma [7751 in terms of the Fatou coordinates 
of the common normal form. We define Kt{y) ^ y + t{K,{y) — y) for y g -6(0, s(xo)) 
and t e C. Let tjj'^ be a holomorphic integral of the time form of X. We can define 
the function ip-^ o k{x, y) — {x, y) analogously as A,^. The continuous path that 
we use to extend is parametrized by t — > Kt{x,y) for t G [0, 1]. The function 
■0^ OK — is well-defined and holomorphic in B{0, s{xo)) \ SingX . 

Lemma 7.4. Let Lpi,if2 G Diff tpi(C^, 0) with common convergent normal form 
exp(X). Let s be a slow decaying function. Then there exists r g R"*" and C e 
such that we have sup5(o,s(a:o)i-) ° n — ip-'^\ < C'/s'^{xo) for any s{x[)) -mapping 
K conjugating ipi{xo,y) and ip2{xo,y) with n\(singX){xa) — Id and any xq in a 
pointed neighborhood of 0. In particular we obtain that ■0"^ ok— belongs to 
0{B{0,sixo)T)). 

Proof. Denote X{y) = m(x, ?/)(?/ — 71 (a;))"i . . . (y — 7jv(a;))"" where u £ C{x,y} is a 
unit. Denote v — I'iSo)- Consider r £ (0, 1/4). The function Kt{y) — y + t{fi{y) — y) 
satisfies Kt{B{0, s{xo)t)) C B{0, 3s(xo)t) for any t E [0, 1] by lemma [7?T] By lemma 
17.31 we have 



dKt 



, ^ (8'-6)K(a;o) , 

My) -y\< --—\X{y) o Kt(y)\ 

\uo Kt[y)\ 



n^i(y-7j(a;o))"^ oKt(j/) 



for aU y E B{0, s{xo)t) and t E [0, 1]. We have 
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Lemma 17.31 implies 

K{y) - y 



< 



8^6 



By considering a smaller t G 
dnt 



dt 



iy) 



< 



(2s(xo)r)'' = WeT"" Vy G B{0,s{xo)t). 

we can suppose 16'^6t'^ < 1/2. We obtain 
1 (8''6)2 



X{y)o^tiy)\ 



s-{xo) \u{0,0)\ 

for all y S B{0,s{xq)t) and t e [0,1]. Denote C" = (24'^+33)/|u(0, 0)|. We deduce 
that 



l^^o Kt-iP^\{y) 



i^v{y)) 



dv 



dv 



° '«u(2/) — dv 



dy 



dv 



< 



C't 



s'^ixo) 



for all y E B{0, s{xo)t) \ {SingX){xo) and t e [0,1]. By Riemann's theorem 
o K - V'-^ belongs to O{B{0, s{xa)T)) and \^P^ o k-^P^\ < C'/s''{xa). □ 

Let ipi,tp2 G Diff tpi(C^, 0) with common convergent normal form. Given a 
formal conjugation t) £ DifFp(C^,0) we express the condition r) S Diff (C^,0) in 
terms of the extensions of Ecalle-Voronin invariants {^JX x}{j,A,\)ev{>fii)xMxS'^ and 

{^lA,A}(i,A,A)GX'(i^2)xA^xSi- 

Proposition 7.1. Let Lpi,Lp2 G E)ifFtpi(C^,0) with common convergent normal 
form exp(X). Let s be a slow decaying function. Fix A — (Ai, . . . , Ag) G Ai and 
A G S^. Consider xq e (0,(5)/^ aKC? a s{xQ)-mapping k conjugating {(pi)\x=xo '^^'^ 

(932)|i:=a;o (SingX) (lo) ^^672 t/iere Cxists c{X{)) G C SMc/l that 

C]^A,a(2;o,2:) = (z + c(a;o)) o C]^\,aK,z) ° (2; - c(xo)) G V{ipi) 

and |c(xo)| < C /s'^^^°\xo). The constant C depends on A and A but it does not 
depend on xq . 

Proof. Denote i/ = iy{£o)- Since s is bounded we can suppose s < e by replacing s 
with stq for some tq G (0, 1). By lemma [7^ there exist €[ G and ti G (0, 1) 
such that supb(o,,(^q)^^) |V'^ok-'(/;^| < Ci/s^ixo). 

Let G 'D{(pi) and r G (0, 1). We define Hgrj the element of Reg{sT, Ha,aA', /^) 
contained in Hj^j (see def. 15.111) . We obtain that k{Hstj{xo)) C H^ j{xo) for 
T G small enough and any j G V^ipi) by proposition 2^ 

Consider an irreducible component y — 'y{x) of SingX. We are in the situation 
of prop. 10.1 in [T^. By considering homogeneous privileged (with respect to 
y = "i{x)) systems of Fatou coordinates 

l-"''j',A',A'J (j',A',A')e-D(ipi)xA^xSi ^j'.A',^' J (j',A', A')eX'(¥'2) x xSi 

of and (^2 respectively we obtain 

(38) i,^X,x ° - ^IX.A - c(a;o) in i/,,,,(a;o) Vj G 2?(<^i) 



where c(xo) = {ijj'^ ok — 4>^){xo,^{xo)) (proposition 10.1 of [H]). We obtain the 
inequality |c(a;o)| < C[/s'^{xo)- Let c"^'-^ : [0,S)I^ — > C be the function defined by 



'-A,A 



J,A:A 



for ^ G {1, 2} (see remark [Q]) . Equation ([38|) leads us to 



V'Jl A ° ^ V'fX A = c(a;o) in Hsr,j{xo) Vj G ^(vsi) 
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by defining c{xo) = c{xo) + c^^^{xo) ~ c^\(a;o). We obtain (see def. I6.6P 

^iXxi^Oiz) = {z + c{xoj}o^J\ .^{xo,z) o{z- c{xo}) Vj G V{ipi). 
Thus there exists C G M+ independent of xq such that |c(a;o)| < C /s'^{xq). □ 

Proposition 7.2. |16j Let(pi,(p2 G Difftpi (C^, 0) with common convergent normal 
form exp(X). Fix A = {Xi,...,Xg) G and X G S"'^. Fix a constant M > 0. 
Suppose that 

^jl,xi^o,z) = {z + c{xq))oS^J\ ,^{xo,z) o (z - c{xq}) \fj G V{ipi) 

for some xq G [0,S)I^ and c{xq) G B{0,M). Then there exists a s-mapping n such 
that Ko {fi)ix^^g = {f2)\x=xo ° « o,nd n^i^singXjixo} - Id. The constant s G IR+ 
does not depend on Xq. 

7.2. Theorem of analytic conjugation. In this subsection we prove an analogue 
(theorem 17. 2p of theorem 10.1 in [TB] for the multi-summable setting. Roughly 
speaking two elements in DifF(pi(C^, 0) with common normal form are analytically 
conjugated if and only if their homogeneous multi-summable systems of extensions 
of Ecalle-Voronin invariants coincide up to the action of a multi-summable family 
of transformations of the form (a;, z + c{x)). 

Definition 7.4. Let (pi,ip2 G DifFpi(C^, 0). We denote ipi ~ (/?2 if there exists 
a G Diff (C^, 0) conjugating ipi and ip2 such that cf\Fix{^i) = Id. 

Theorem 7.1. Tl] Let ipi,ip2 e Difrtpi(C^O) with common convergent normal 
form exp(X). Suppose N{X) = 1. Then ipi ~ (p2 if and only if there exist c G C{a;} 
and k G Z/(i^(£o)^) such that 

^p{x, z) = ^J+2fc(^' ^ - c(a;)) + c(x) 

for any j G T){(pi). 

Theorem 7.2. Let <^i,</?2 G Diff tpi (C^, 0) with common convergent normal form 
exp(X). Suppose N{X) > 1. Assume ipi ^ ip2. Then there exist a (ei,...,eg)- 
summahle function {ca,\{x)} A)eAixSi' where ca,a is defined in {Q,5)I^, such that 

?Ia,a(2;' = 0,A(a;' ^ - CA,\{x)) + CA,\{x) 

for any j G T){ipi). 

The reciprocal of the theorem is also true. In fact it is a direct consequence of 
proposition 17.21 and the theorem 17.31 

Proof. Let cr(a;, y) — (a;, <J2(x, y) G DifFp(C^, 0) be the mapping conjugating (pi and 
ip2 such that cr\pix(ip-i) = Id. The mapping cr is a diffeomorphism defined in a 
neighborhood B{0,6) x B{0,s) of the origin for some s G M"*". By considering a 
smaller s G M"*" if necessary we obtain that the function o cr — tl;-^ is bounded 
in B{0, S) X B{0, s) f lemma [7^ . Fix j' G T>{(fi), we define ij, the unique element 
of Vx contained in Lji . The set <j{L^) is contained in Lj for some s G and any 
j G T>{ipi) by proposition 14.61 Consider a point (0,?/o) G Lf- 
Proposition 17.11 implies that 

CA,A = ^ll,>^ oa- 
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defines a function ca,a : [0, S)I/y — > C of a;. The definition of ca,a does not depend 
on j £ Moreover ca,a is continuous in [0,6)1^ and holomorphic in (0,(5)/^. 

We obtain 

CIa,a(2^' ^) = ijXA^' ^ ~ CA,A(a;)) + CA,A(a;) Vj S 
It suffices to prove that for all A, A' e and A, A' G §^ we have 



|CA,A-CA',A'|(^) = e-^'/l-l 



for some K e IR+. We have 

(CA.A - CA',A')(2;) = (V-jv'a.A ~ ^r\',y)i<^ix^yo)) " (V'J/a,A " ^f]A',X')i^^yo) 

in a neighborhood of x = in (0, (5)(/^n/^,). The points (x, yo) and (t{x, uq) belong 

to i?^ A' j' ^ ^ (Oj '^)(-^A ^A') i^ a neighborhood of 0. Theorem 16. 31 implies 

that ca,a ~ ca'.a' is exponentially small of the proper order. □ 

7.3. Isolated zeros theorem for analytic conjugacy. This subsection is de- 
voted to the proof of theorem 17.31 Let us notice that theorem 17.31 stands by itself; 
it makes no reference to Fatou coordinates or other multi-summable objects in the 
paper. 

Definition 7.5. Let ip €E Diffpi(C^, 0). Consider a convergent normal form exp(X) 
of ip. Denote X = g{x,y)d / dy. We define v{ip) — v{g{0,y)) — 1 where iy{g{0,y)) 
is the order of the series g{0,y) at y — 0. The definition does not depend on the 
choice of X . 

Theorem 7.3. Let ip,r] e Diffpi(C^,0) with Fix{ip) = Fix{ri). Then ip rj 
if and only if there exists a J^(<yj) slow decaying function s and a sequence —> 
contained in B{Q, 5 such that for any n G N the restrictions ip\x=x„ o,i^dr]\x=x„ 
are conjugated by an injective holomorphic mapping Kn defined in B{0, s{xn)) and 
fixing the points in Fix(ip) H {x — 

Proof. We start proving some normalizing conditions. We can suppose that (p,ri G 
Diff tpi (C^, 0) up to replace tp and rj with {x^^'' , y)otpo(x^ ^y) and {x^^^ ^y)orio[x^ ^ y) 
respectively for some /c G N. It suffices to prove the theorem in this context since 
given A: G N we have 

~ 77 <^ o o y) - (a;l/^ y) o 77 o y) 

by lemma 10.9 in T6]. Let us stress that the i^(<y3) slow decaying character is 
invariant by ramification x x^ . 

Let exp(X) and exp(y) be convergent normal forms of ip and 77 respectively. 
Since Fix{ip) = Fix(r]) we obtain 

p p 
X{y)^u{x,y)Y[{y-jj{x))'^^ and Y{y) ^ v{x,y)Yl{y - jj{x))'^'^ 

where u,v € <C{x, y} are units. The mapping k„ conjugates the germs of 'P>\x=x„ 
and 7712.^2;^ in the neighborhood of y = jj{xn)- Since the analytic conjugation k„ 
preserves the order of tangency with the identity we get rij = n'j for any 1 < j < p- 
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Denote Wn,j — {xn,^j{xn))- An analytic conjugation preserves residues too (prop. 
5.8 [E]), thus we obtain 

Res{X,Wn,j) — Res{ip,Wn,j) — Res{r/,Wn,j) — Res{Y,Wn.j) 
for all 1 < j < p and n G N (see def. I2.6l and l5.2p . Given 1 < j < p the functions 

X — > Res{ip, (x,7j(x))) and x Res{ri, {x,^j{x))) 

are meromorphic (prop. 5.2 [IS])- We obtain Res{ip, {x, Jj{x))) = Res{r], {x, Jj{x))) 
for any 1 < j < p. The equality {X{y)) = {Y{y)) of ideals of C{x,y} and 

ResiX, {x,j,{x))) EE Res{Y, (x,7,(x))) VI < j < p 

imply that the diffeomorphisms exp(X) and exp(y) are analytically conjugated by 
a mapping a{x,y) — {x,a2{x,y)) such that cr\singX = Id (prop. 5.10 [TS]). Up to 
replace s with sr for some r G M"*" we obtain that a^^ o «;„ is a s(a;„)-mapping for 
rt S N flemmas l7.1l and l7.2l) . Up to replace 77 with a^^ o-qo a and k„ with ct~^ o k„ 
for n e N we can suppose that if and ?/ have common normal form exp(X). 

Suppose N{X) = 1. We obtain that <(7i(a;„)) e< e^'"*/'' > for any n e N by 
arguing as in lemma [7731 Up to taking a subsequence of {a;n}„gN we can suppose 
that there exists /i e< e^^'/'' > such that k^(7i(x„)) = /i for any 71 G N. There 
exists (Jo G Diffp(C^,0) conjugating the vector fields X and 

^ (;/-7(^)r+^ d 

° l + {y~j{x)yRes{X,{x,-f{x)))dy- 

Since (a;, ii{y — ^{x))+j{x)) preserves Xq then cr = a^^ o[x, /i(y — 7(2;)) + 7(2:)) oo-q 
conjugates X with itself. Moreover a satisfies {d{yoa)/dy){x,^{x)) = /i. As in the 
previous paragraph up to replace rj with orjoa and k„ with cr"^ o k;„ for n G N 
we can suppose K'^{"f{xn)) = 1 for any n G N. In this way we obtain that k„ ^ /d 
for any n G N independently on whether N{X) = 1 or N{X) > 1. 

The goal is proving that there exists Sq G such that ipx=xo ''l\x=xo S'^e 
conjugated by a SQ-mapping t/fj-g with (p^g = Id for any 2:0 in a pointed neighborhood 
of 0. Then the Main Theorem of [TB] implies ip ^ rj. 

By taking a subsequence of we can suppose that Xn adheres to a direc- 

tion A G S"^. Fix A = (Ai, . . . , Xq) G M with A, close to A. Consider the set 

E^^) = {{J,l) e V^if) X N : al^,^^ ^ 0} for z; G {-1,1} 

and E^{if) = E^i{(p) U Ei{ip). Proposition !?. II implies that there exists a sequence 
{Crs}„gpj of complex numbers such that 

^j,A,\i^ri, z) = {z + C„) O ^Jf^ xi^n,z) O (z - C„) Vj G X'((^). 

Moreover we have |c„| < C / s'^{xn) for some C" G K+ and any n G N. We have 

(39) «lA,A.(^»)=«kA,^(^">'™''" 

for all n G N, G { — 1, 1} and j G ^.^{ip). The multi-summable character implies 
for both aj^ _^ ^ and ^ a z that either they are identically or never vanishing in 
a neig hborhood of in (0,5)/^. We obtain E^{(p) = E^{t]). 
Consider (j, /) G E^{ip). We obtain 

[Xn) < e^"*^") Vn G 
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Given l E R+ we have 2ttIC' / s'^ (xn) < t| In \xn\\ for any n £ N big enough since s 
is a slow decaying function. This implies 



(40) \Xn\' < 



(Xn) < ^ Vn » 1. 




The multi-summability of aj^ ^ ^ and (ij jy \i implies that oP- ^ il'^^j a / ^ func- 
tion of the form x'^hj^\^x,x where e belongs to Z and hjj^\_x is a (ei,...,eg)- 
summable function such that ft.j,i,A,A(0) ^ 0. Equation implies e = 0. We 
consider a continuous function c^'' defined in a neighborhood of in [0,(5)/^ such 
mate a — a^j^^i/ a^j^^^i- 

Consider (j, /) e £';^(<(5) and G E^,{lp). The equation ((391) implies 



(x„) Vn e N. 



Therefore we obtain 

(41) ff^V (-) - {%^\\x) VxG (0,J)/1 

by the multi-summable character of the functions involved. 

Suppose E^{ip) ^ 0. Let us consider (ji,^i), . . ., {jb,lb) such that {j,l) € E^{ip) 
implies that I belongs to the ideal (^i, . . . , li,) of Z. Let Xno be a point such that 
aj^ A A /fc(^no) ^ for any 1 < k < b. We can choose the function c{'"''° such that 
c'^'''''{xno) = c„(, for any 1 < k < b. Equation (^1]) and c{'°''''(a;„j,) = c^'''''' (a;no) 
imply 

for all 1 < A:, d < b. We denote ca — c^'='''= for 1 < /c < 6. We define ca = for the 
case E^{ip) = 0. 

We have {jkjk) e E^^{ip) for 1 < k < b. Consider {j,l) e E^{(p). There exist 
mi, . . . , nib G Z such that I — mili + . . . + mbib- We have 

V 

^2rrzv,l,c„ = ) Vfc G { 1 , . . . , 6} Vn » 1. 

We obtain 

^(x„) = e^-^-'- = n M Vn » 1. 

The multi-summability character of the functions involved in the previous equality 
implies 

b / rj \ Vkvnik 



n 



We also have 



— J. J. I 



^2^tvkhc>. ^ "-j^kA.^.h vfc g {1, . . . , 6} 
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by construction. Therefore we obtain 




for any G E^{ip). We deduce 

?j,a,a(^'^) =Cj^a,a(2;'^ ~CA(a;)) +ca(x) Vj e V{ip). 

By prop. 17.21 there exists sq G K+ such that for any xq G [0, S)lj^ there exists 
a SQ-niapping K^g with k^^q = Id conjugating (p\x=xo ^-nd ?7|2:=a;o- Indeed it is 
possible to choose {'^ajj^.gjo a)/^ such that there exists a continuous map k defined 
in [0, S)IjI X 5(0, sq) and holomorphic in (0, S)ljy x -6(0, so) satisfying no cp ^ rj o k 
and «;|2,=a;o = i^xo for any xq G [0, 5)/^. 

By considering A' G §^ such that ij^ ij^ 7^ we can repeat the previous 
argument to enlarge the family {nx}^^^^^ to obtain a family {Kx}^g[o s){i^ui^') 
satisfying analogous properties for some smaller sq G By varying A' G we 
obtain a family {kx}x^b{o s) so-mappings such that Kxq conjugates ^\x=xo ^^'^ 
'>l\x=xo ^rid satisfies Kxo — Id for any xq G -6(0,(5). The Main Theorem in |16j 
implies 1^9 ~ 77. □ 

Remark 7.1. Theorem \ 7. 3\ can be generalized for codimension finite resonant dif- 
feomorphisms. If the linear part of f\x=o P periodic we replace in the theorem 
the sets Fix{ip) and Fix^rj) with Fix{ipP) and Fix{Tf) respectively. Indeed we have 
{d{y o ip)/dy){0,0) = {d{y o ri)/dy) (0,0) by continuity and ip^ ^ rj^ by theorem \7.3\ 
Proposition 5.4 of [161 implies ip ^ rj. 

Corollary 7.1. Let (p,ri £ DifFpi(C^,0) with Fix{(p) = Fix{rj). Suppose there 
exist s G and a sequence Xn contained in -6(0, 5) \ {0} such that for any 
n G N the restrictions ^\x=x„ o.iT-d r]ix=x„ o-'"'^ conjugated by an injective holomorphic 
mapping Kn defined in -6(0, s) and fixing the points in Fix{ip) H {x — Xn}. Then 
we obtain ip ^ rj. 

Remark 7.2. The theorem \ 7.S\ allows us to reduce the problem of analytic clas- 
sification of elements 0/ Diff pi(C'^, 0) to well-behaved directions in the parameter 
.space. For instance consider a diffeomorphism of the form 

Lp{x, y) ^ {x,y + u{x, y){y - x){y -\- x)) 

for some unit u G C{a;, y} such that u(0, 0) = 1. In any sector of the form 

for V G the diffeomorphism ^p\x=xo ^'^^ '^'^ attracting and a repelling fixed point 
for any xq £ S . Indeed an analytic system of invariants in S can be constructed by 
comparing the linearizing mappings in both fixed points. This is Glutsyuk 's point of 
view [6]. Roughly speaking, conjugation in (-6(0,(5) \iR*) x -6(0, e) implies conju- 
gation in a neighborhood of the origin. 

Remark 7.3. Consider X G X(€?,Q) such that cxp(X) G Diff fpi(C2, 0). Prop. 
11.1 in |16j shows that there exist 77 G DifFpi(C2,0) with normal form exp(X) 
such that 

• kp ^ r\ 
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• and rj are conjugated by an analytic injective multi-valued, in the x vari- 
able, rna/pping a . 

• a is defined in a domain \y\ < Cq/ "'^^j lna;| for some Cq € M"*". 

• a satisfies a\pix{,p) = Id and oie^'^'^x, y) = rj o a{x, y) . 

The Main Theorem is optimal and it does not hold true for non-slow decaying func- 
tions. Equivalently a domain of the form \y\ < Cq/ "'•^■^/\Tnx\ is maximal as a do- 
main of definition of a mapping a satisfying the previous properties. If a is defined 
in a substantially bigger domain \y\ < s{x), i.e linia;^o s(a;)/(l/ "'-^^l In |a;||) = oo, 
then we obtain if t]. 
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